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Abstract

Pseudo-exhaustive testing involves applying all possible input patterns to the individual output

cones of a combinational circuit. Based on our new algebraic results, we have derived both

generic (cone-independent) and circuit-specific (cone-dependent) bounds on minimal length

of test required so that each cone in a circuit is exhaustively tested. For any circuit with five

or fewer outputs, and where each output has k or fewer inputs, we show that the circuit can

always be pseudo-exhaustively tested with just 2k patterns. We derive a tight upper bound on
pseudo-exhaustive test length for a given circuit by utilizing the knowledge of the structure of

the circuit output cones. Since our circuit-specific bound is sensitive to the ordering of the

circuit inputs, we show how the bound can be improved by permuting these inputs.
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1 Introduction

Exhaustive testing of a combinational circuit involves exercising the circuit with all possible
input patterns. Exhaustive testing provides comprehensive fault coverage by ensuring de
tection of all detectable combinational faults in the circuit, where a combinational fault
is a fault that does not manifest in any sequential behavior and is testable with a single
input pattern. The test time associated with exhaustive testing increases exponentially with
the number of inputs to the circuit. For circuits with a large number of inputs, exhaustive
testing is very time consuming and may not be practical.

Pseudo-exhaustive testing of a combinational circuit involves exercising the individual
output cones of the circuit with all possible input patterns [1]. An output cone consists of
all logic that feeds an output. Pseudo-exhaustive testing provides full coverage of stuck-at
faults that are considered likely in practice. The testing ensures detection of all detectable
combinational faults within the individual output cones and all detectable multiple stuck-at
faults in the circuit. The test time associated with pseudo-exhaustive testing is typically
much lower than that for exhaustive testing.

Consider a combinational circuit with n inputs and m outputs. An output cone is said

to depend on an input if there exists at least one path from that input to the output. The

number of inputs on which an output cone depends is referred to as the size of the output

cone. Let k be the maximum value among the sizes of the m output cones of the circuit.

The value k is referred to as the maximum cone size of the circuit. The circuit can be

characterized as an (n,ra, k) circuit. Pseudo-exhaustive testing involves applying exhaustive

tests to the in output cones. Generation of an optimal (minimum) pseudo-exhaustive test

set for an (n, m, k) circuit is a hard problem. The pseudo-exhaustive test length is bounded

below and above by 2k and 2n, respectively. Estimation of realistic tight upper bound on the
pseudo-exhaustive test length is a very useful measure during the evaluation of test strategies

for a circuit.

We have derived provable upper bounds on pseudo-exhaustive test lengths. The bounds

can be classified into two categories, viz. generic bounds and circuit-specific bounds.

Generic bounds are independent of circuit output cone structure and are derived using only

the parameters n, in and k of the circuit. Circuit-specific bounds utilize the structural
information about the circuit output cones. It is evident that circuit-specific bounds are

tighter than generic bounds as they utilize more knowledge about circuit structure.

Autonomous linear feedback shift registers (LFSRs) [2] are widely used to generate
pseudo-exhaustive test sets. LFSRs are characterized by their feedback connections repre

sented as polynomials. For a non-zero initial state, the period of an LFSR is the number



of states generated prior to repeating the initial state. An LFSR with n stages is said to be of
maximal length if it has a period of 2n - 1states. Maximal length LFSRs have primitive
feedback polynomials, and are utilized by most pseudo-exhaustive test pattern generators.
Maximal length LFSRs can be modified to generate the all-zero state. Pseudo-exhaustive
test pattern generators (TPGs) that generate minimal length tests and/or utilize minimal
hardware can be designed by utilizing knowledge about the circuit output cone dependen
cies. Examples of circuit-specific TPGs include LFSR/XORs [3, 4], LFSR/SRs [5, 6] and
other structures proposed in [7, 8, 9, 10). An LFSR/XOR structure is composed of a maxi
mal length LFSR and an XOR network. An LFSR/SR structure is composed ofa maximal
length LFSR and a shift register (SR). These circuit-specific TPG structures are shown in
Figure 1.
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Figure 1: TPG structures (a) LFSR/XOR (b) LFSR/SR

A test signal is the unique sequence of binary values applied at a circuit input. A

maximal length LFSR based on a primitive polynomial of degree k generates k linearly

independent test signals from its k stages. An output cone of size k can be exhaustively tested

with A: linearly independent test signals. However, it may not be possible to concurrently

test all the m output cones of an (n, m,k) circuit with k test signals because of conflicting

input requirements among the cones. Thus the number of independent test signals required

for pseudo-exhaustive testing of an (?z, m, k) circuit is bounded below and above by k and

n, respectively.

We have derived new algebraic results on vector spaces that are used in our bound

computation. An upper bound on test length is computed as the number of independent test

signals thai arc sufficient for pseudo-exhaustive testing of a given circuit. We have shown



that any circuit with five or less outputs, with each output being driven by k or less inputs,
can always be pseudo-exhausiively tested with just 2k patterns. Previously this conclusion
was known to be true for all circuits having two or less outputs. Additionally, we have

derived tight upper bounds on pseudo-exhaustive test lengths generated by circuit-specific
TPG structures such as LFSR/XORs and LFSR/SRs. These bounds are sensitive to the

ordering of the circuit inputs. We have also developed an efficient method to permute the

circuit inputs to obtain the best improvement on the cone-dependent bounds. The quality of

these bounds are demonstrated by comparing them to existing bounds [3, 5].

The paper is organized as follows. Section 2 deals with algebraic results on vector
spaces. The generic (cone-independent) bounds are derived in Section 3. Section 4 deals

with the circuit-specific (cone-dependent) bounds and their improvements by allowing for

the permutation of inputs. The conclusions are presented in the last section. The main

paper contains only the sketches for the proofs of the theorems and lemmas. The detailed

proofs are given in the appendix.

2 Algebraic Results

We shall present the definitions that are used in the bound computations. We define vector
space under modulo-2 addition operation (denoted as +) over the Galois field GF(2). The
modulo-2 addition operation satisfies the group properties such as commutativity, associa
tivity and existence of additive inverses. The Galois field GF(2) forms a field with respect
to modulo-2 addition and modulo-2 multiplication operations and satisfies all the standard
axioms defined for a vector space.

Definition 1 (Vector Space)

• A non-empty set S is a (vector) space over GF(2) if S is closed under modulo-2
addition.

• The (linear) span of a non-empty set B, denoted as L(B), is the set of all linear
combinations (modulo-2 addition) of elements in B.

• Any subset B of a vector space S is a basis of S if B consists of linearly independent
elements and L(B) = S.

• The dimension of a vector space S spanned by a basis B equals \B\.

Example 1 Consider the set S = {0, 1,.t, 1+ .7:,;j;2, 1+ x\$ + .t2, 1+ x + x2}. The set S
is closed under modulo-2 addition and hence forms a vector space. The set Bx - {!,.?;,x2}



consists of linearly independent elements and /,(£?,) = S. Thus B, forms a basis of $ and
the dimension of S equals 1^1 = 3. The set B2 = {1,1+ *, 1+ «*) forms another basis of
5'.

u

Definition 2 (Operations between Vector Spaces)

• The direct sum of two spaces Si and S2, denoted as SX®S2, equals the set
{si -rs2\si£ Si, s2e S2}.

• The set union of two spaces Si and S2, denoted as Si US2, equals the set
{s\ s e Si orse S2}.

• The set intersection of two spaces Si and S2, denoted as SiC\S2, equals the set
{s | s GSi and s 6 S2}.

Example 2 For the vector space S = {0, 1,.t, l+rr, z2, 1+.t2,x+x2, l-f-rr +z2}, consider two
distinct subspaces Si = {0,1,x, 1+ :r} and S2 = {0,1, a:2,1 -f- .t2} contained in S. The direct
sumoperation between Sx and S2, Si®S2 = {0, l,z, 1+2:,z2,1 + x2,x+ x2,1 -f z + x2} = 5'.
The set union operation between 5"i and S2 is S\ U5'2 = {0,1,a;, 1 -f- x, .t2, 1 -f x2} ^ S and
is not a vector space. The set intersection operation between Si and S2, S\ C\ S2 = {0,1},
forms a subspace. •

Conventional algebraic theory deals with direct sum operation between vector subspaces.
In contrast, our bound computations are based on set union and intersection operations be

tween subspaces. We have derived some algebraic results regarding set union and intersection

operations between subspaces and these results differ from the classical results in linear al

gebra. The following results characterize some properties of subspaces contained in a vector

space that are used in the subsequent proofs. For convenience, only the sketches of proofs
follow the lemmas and theorems and the detailed proofs are given in the appendix.

Lemma 1 Consider a k-dimensional space S and any two distinct subspaces Si and S2 of
dimensions ki and k2 contained in S. The set Si C\ S2 is a subspace contained in S and
consists of at least \2kl+k2~k] elements.

Proof Sketch: It can be proven that the set Si C\S2 is a subspace using the closure property.
By choosing the intersectionof properly chosen bases for Si and ^2 as the basis for Si C\ S2,
it can be shown that Si fl S2 consists of at least \2kl+k2~k] elements. D



Corollary 1 Consider a k-dimensional space S and any two distinct (k - 1)-dimensional
subspaces S\ and S2 contained in S. The set Si fl S2 is a (k - 2)-dimensional subspace
contained in S.

Lemma 2 A k-dimensional space is composed of at least (2{ -f- 1) distinct subspaces of di
mensions less than or equal to (k —i), where 1 < i < (k —1).

Proof Sketch: By considering the minimum overlaps between the subspaces, the result can
be derived based on counting arguments. •

Example 3 Consider the three-dimensional vector space S = {0,1,x, 1 + x, x2,1 -|- x2, x +
x2,1 + x + x2} and all of its distinct two-dimensional subspaces S\ = {0, l,x, 1-f x}, S2 =
{0,1,X2,1+X2},5'3=:{0,X,X2,X + X2},54 = {0,1,X + X2,1+X + X2},55 = {0,X,1+X2,1 +
x + x2}, S6 = {0,x2,1 + x,1+ x + x2} and S7 = {0,1 + x,1+ x2,x + x2}. It can be easily-
verified that Si USj ^ S \fi,j and S is composed of at least three distinct two-dimensional
subspaces (e.g. Si U S2 U S4 = S). D

Lemma 3 Consider a k-dimensional space S and any three distinct (k —1)-dimensional
subspaces Si, S2 and S3 contained in S. Let S* = Si fl S2. The subspace S3 satisfies the
relation S\ U S2 U 53 = S if and only if S% D S2 fl S3 = S".

Proof Sketch: It can be shown that the sets 5", Si - S" (say Ti), S2 - S* (say T2) and
S —Si —S2 (say T3) form equal sized disjoint partitions (cosets) of S. The smallest subspace
that contains the elements of T3 is of dimension (&— 1) and must also contain all the elements
of S*. Thus it can be shown that the subspace 53 satisfies the relation SiU S2U S3 = S if

and only if Si HS2 C\ S3 = 5"\ The subspaces and the cosets are shown in Figure 2. •

Example 4 Consider the three-dimensional space S and all of its distinct two-dimensional

subspaces 5X through S7 as given in Example 3. Let 5"" = 5'i fl S2 = {0,1}. It can be easily
verified that $4 is the only two-dimensional subspace that contains S* and hence satisfies
the relation Si U S2 U S4 = S. •

Lemma1gives a condition on the minimum overlap between any two subspaces contained
in a ^-dimensional space. Lemma 2 specifies the minimum number of distinct subspaces of
smaller dimensions contained in a k-dimensional space. Lemma 3 states that the elements
of a k-dimensional space S are not entirely covered by the elements of any two distinct
(k —l)-dimensional subspaces contained in S. A unique third subspace of dimension no less
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Figure 2: A vector space and its subspaces and cosets



than (k-l) is required to cover all the elements of S. In fact Lemma 3 provides an outline
for constructing the minimum number of distinct subspaces specified by Lemma 2.

The algebraic results described above form the basic building blocks in proving our
results on both generic and circuit-specific bounds. Lemmas 1and 2are used in deriving
both generic and circuit-specific bounds while Lemma 3is used in the derivation of generic
bounds.

3 Generic Bounds

For an (n,m,k) circuit, the computation of an upper bound on the pseudo-exhaustive test
length involves determining the smallest number of independent test signals (say km > k) that
are sufficient for pseudo-exhaustive testing of the circuit. We shall derive a few important
cone-independent bounds on test lengths.

Aset of 2k' distinct test signals can be obtained as linear combinations of k' independent
test signals. The distinct test signals are considered as distinct residues. The k* independent
test signals can be considered as a basis of a &*-dimensional space and the residues can be
considered as elements of this space. The k* independent test signals can be generated using
a h* degree LFSR and linear combinations of these test signals can be obtained by an XOR
network. Hence, if for a given (n,m, k) value a bound of k* test signals is derived, then a
TPG consisting of k" stage LFSR and some XOR gates [11] can generate pseudo-exhaustive
test set for any (n,m,k) circuit.

3.1 Basic Results

Consider an (n,m,k) circuit along with the following notation. The n inputs are denoted
as 0,-, i = 1,2,..., n, and the m outputs as £,-, j = 1,2,..., m, respectively. The inputs are
partitioned into m sets IuI2,...^Im such that /,- denotes the set of inputs that drive exactly
i outputs of the circuit. We first summarize some previously known results that, along with
the above algebraic results, form the foundation for our bound computation.

Definition 3 A residue r is said to be a proper residue with respect to a set of residues
R if r is linearly independent with respect to the residues in R. Residue r is said to be a
prohibited residue with respect to R ifr is a linear combination ofa subset of residues in
R.
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