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Abstract

Pseudo-erhaustive testing involves applying all possible input patterns to the individual output
cones of a combinational circuit. Based on our new algebraic results, we have derived both
generic (cone-independent) and circuit-specific (cone-dependent) bounds on minimal length
of test required so that each cone in a circuit is exhaustively tested. For any circuit with five
or fewer outputs, and where each output has k or fewer inputs, we show that the circuit can
always be pseudo-ezhaustively tested with just 2% patterns. We derive a tight upper bound on
pseudo-ezhaustive test length for a given circuit by utilizing the knowledge of the structure of
the circuit output cones. Since our circuit-specific bound is sensitive to the ordering of the

circuit imputs, we show how the bound can be improved by permuting these inputs.
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1 Introduction

Exhaustive testing of a combinational circuit involves exercising the cirenit with all possible
input patterns. Exhaustive testing provides comprehensive fault coverage by ensuring de-
tection of all detectable combinational faults in the circuit, where a combinational fault
is a fault that does not manifest in any sequential behavior and is testable with a single
input pattern. The test time associated with exhaustive testing increases exponentially with
the number of inputs to the circuit. For circuits with a large number of inputs, exhaustive

testing is very time consuming and may not be practical.

Pseudo-exhaustive testing of a combinational circuit involves exercising the individual
output cones of the circuit with all possible input patterns [1]. An output cone consists of
all logic that feeds an output. Pseudo-exhaustive testing provides full coverage of stuck-at
faults that are considered likely in practice. The testing ensures detection of all detectable
combinational faults within the individual output cones and all detectable multiple stuck-at
faults in the circuit. The test time associated with pseudo-exhaustive testing is typically
much lower than that for exhaustive testing.

Consider a combinational circuit with n inputs and m outputs. An output cone is said
to depend on an input if there exists at least one path from that input to the output. The
number of inputs on which an output cone depends is referred to as the size of the output
cone. Let k be the maximum value among the sizes of the m output cones of the circuit.
The value k is referred to as the maximum cone size of the circuit. The circuit can be
characterized as an (n,m, k) circuit. Pseudo-exhaustive testing involves applying exhaustive
tests to the m output cones. Generation of an optimal (minimum) pseudo-exhaustive test
set for an (n,m, k) circuit is a hard problem. The pseudo-exhaustive test length is bounded
below and above by 2F and 2", respectively. Estimation of realistic tight upper bound on the
pseudo-ezhaustive test length is a very useful measure during the evaluation of test strategies

for a circuit.

We have derived provable upper bounds on pseudo-exhaustive test lengths. The bounds
can be classified into two categories, viz. generic bounds and circuit-specific bounds.
Generic bounds are independent of circuit output cone structure and are derived using only
the parameters n, m and k of the circuit. Circuit-specific bounds utilize the structural
information about the circuit ouiput conmes. It is evident that circuit-specific bounds are

tighter than generic bounds as they utilize more knowledge about circuit structure.

Autonomous linear feedback shift registers (LFSRs) [2] are widely used to generate
pseudo-exhaustive test sets. LI'SRs are characterized by their feedback connections repre-

sented as polynomials. For a non-zero initial state, the period of an LFSR is the number
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of states generated prior to repeating the initial state. An LIFSR with n stages 1s said to be of
maximal length if it has a period of 2" — | states. Maximal length LFSRs have primitive
feedback polynomials, and are utilized by most pseudo-exhaustive test pattern generators.
Maximal length LFSRs can be modified to generate the all-zero state. Pseudo-exhaustive
test pattern generators (TPGs) that generate minimal length tests and/or utilize minimal
hardware can be designed by utilizing knowledge about the circuit output cone dependen-
cies. Examples of circuit-specific TPGs include LFSR/XORs [3, 4], LFSR/SRs [5, 6] and
other structures proposed in [7, 8, 9, 10]. An LFSR/XOR structure is composed of a maxi-
mal length LFSR and an XOR network. An LFSR/SR structure is com'pos‘ed of a maximal
length LFSR and a shift register (SR). These circuit-specific TPG structures are shown in
Figure 1.

LFSR
T 3 ° ﬂ
XOR LFSR [ SR
(n,m,k) circuit (n,m,k) circuit
(a) (b)

Figure 1: TPG structures (a) LFSR/XOR (b) LFSR/SR

A test signal is the unique sequence of binary values applied at a circuit input. A
maximal length LFSR based on a primitive polynomial of degree k generates k linearly
independent test signals from its k stages. An output cone of size k can be exhaustively tested
with £ linearly independent test signals. However, it may not be possible to concurrently
test all the m output cones of an (n,m, k) circuit with % test signals because of conflicting
input requirements among the cones. Thus the number of independent test signals required
for pseudo-exhaustive testing of an (n,m, k) circuit is bounded below and above by k and
n, respectively.

We have derived new algebraic results on vector spaces that are used in our bound

computation. An upper bound on test length is computed as the number of independent test

signals that are sufficient for pseudo-exhaustive testing of a given circuit. We have shown



that any circuit with five or less outputs, with each output being driven by k or less inputs,
can always be pseudo-exhaustively tested with just 2F patterns. Previously this conclusion
was known to be true for all circuits having two or less outputs. Additionally, we have
derived tight upper bounds on pseudo-ezhaustive test lengths generated by circuit-specific
TPG structures such as LFSR/XORs and LFSR/SRs. These bounds are sensitive to the
ordering of the circuit inputs. We have also developed an efficient method to permute the
circuit inputs to obtain the best improvement on the cone-dependent bounds. The quality of
these bounds are demonstrated by comparing them to existing bounds [3, 5].

The paper is organized as follows. Section 2 deals with algebraic results on vector
spaces. The generic (cone-independent) bounds are derived in Section 3. Section 4 deals
with the circuit-specific (cone-dependent) bounds and their improvements by allowing for
the permutation of inputs. The conclusions are presented in the last section. The main
paper contains only the skeiches for the proofs of the theorems and lemmas. The detailed
proofs are given in the appendix.

2 Algebraic Results

We shall present the definitions that are used in the bound computations. We define vector
space under modulo-2 addition operation (denoted as +) over the Galois field GF(2). The
modulo-2 addition operation satisfies the group properties such as commutativity, associa-
tivity and existence of additive inverses. The Galois field GF(2) forms a field with respect
to modulo-2 addition and modulo-2 multiplication operations and satisfies all the standard

axioms defined for a vector space.

Definition 1 (Vector Space)

e A non-empty set S is a (vector) space over GF(2) if S is closed under modulo-2
addition.

o The (linear) span of a non-empty set B, denoted as L(B), is the set of all linear
combinations (modulo-2 addition) of elements in B.

o Any subset B of a vector space S is a basis of S if B consists of linearly independent
elements and L(B) = S.

e The dimension of a vector space S spanned by a basis B equals |B|.

Example 1 Consider the set S = {0,1,z,1+ 2,221 + 2%,z 4+ 22,1 4+ z + 2?}. The set S

is closed under modulo-2 addition and hence forms a vector space. The set B; = {1,z,2*}
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consists of linearly independent elements and L(B;) = S. Thus B, forms a basis of S and

the dimension of S equals |By| = 3. The set By = {1,1 4+ 2,1 + 2?} forms another basis of
S. O

Definition 2 (Operations between Vector Spaces)

 The direct sum of two spaces Sy and S,, denoted as Sy & S,, equals the set
{s1+s2|s1€85, s,€ 85}

e The set union of two spaces Sy and Sy, denoted as Sy U Sa, equals the set
{s|s€ S8 orseS,}.

o The set intersection of two spaces Sy and S,, denoted as Sy N Sy, equals the set
{s|s€S and s € Sp}.

Example 2 For the vector space S = {0,1,z, 1 +z,22, 1422 z+2%, 1+z+z?}, consider two
distinct subspaces Sy = {0,1,z,1+z} and S; = {0,1,2%,1 4 22} contained in S. The direct
sum operation between S; and Sy, $1® Sy = {0,1,z,1+ 2,23, 1+2% 2 +2? 1+z+2?} = S.
The set union operation between Sy and S; is S; U Sy = {0,1,2,1 + z,2% 1 + 22} # S and
is not a vector space. The set intersection operation between Sy and S,, S; N Sy = {0,1},

forms a subspace. a

Conventional algebraic theory deals with direct sum operation between vector subspaces.
In contrast, our bound computations are based on set union and intersection operations be-
tween subspaces. We have derived some algebraic results regarding set union and intersection
operations between subspaces and these results differ from the classical results in linear al-
gebra. The following results characterize some properties of subspaces contained in a vector
space that are used in the subsequent proofs. For convenience, only the sketches of proofs

follow the lemmas and theorems and the detailed proofs are given in the appendix.

Lemma 1 Consider a k-dimensional space S and any two distinct subspaces Sy and S, of
dimensions ky and k; contained in S. The set Sy N Sy is a subspace contained in S and

consists of at least [251+%2~F] elements.

Proof Sketch: It can be proven that the set 5N 35, is a subspace using the closure property.
By choosing the intersection of properly chosen bases for S; and S, as the basis for S; N Sa,
1t can be shown that S; NS, consists of at least [2%1+%2~F] elements. O



Corollary 1 Consider a k-dimensional space S and any two distinct (k — 1)-dimensional
subspaces S1 and Sy contained in S. The set Sy N Sy is a (k — 2)-dimensional subspace

contained in S.

Lemma 2 A k-dimensional space is composed of at least (2 + 1) distinct subspaces of di-

mensions less than or equal to (k — 1), where 1 <1 < (k—1).

Proof Sketch: By considering the minimum overlaps between the subspacas, the result can

be derived based on counting arguments. o

Example 3 Consider the three-dimensional vector space S = {0,1,z,1 4+ z,2% 1+ 22,z +
z?,1 4+ + 2%} and all of its distinct two-dimensional subspaces S; = {0,1,z,1 + z}, Sz =
{0,1,2%,14+ 2%}, S3 = {0,2,2%, 2 +2?}, Sy = {0, 1,z + 2>, 1 + =+ 2?}, S5 = {0,z,1 + 22,1 +
z+ 2%}, S6 = {0,2%,1 + 2,1 + z + 2%} and S7 = {0,1 + 2,1 + 2?, & + 22}. It can be easily
verified that S;US; # S Vi, and S is composed of at least three distinct two-dimensional _
subspaces (e.g. S US;US, = §). O

Lemma 3 Consider a k-dimensional space S and any three distinct (k — 1)-dimensional
subspaces Sy, Sy and S; contained in S. Let S* = Sy N S,. The subspace S5 satisfies the
relation Sy U S US; = S ifand only if S NS, NS; = S*.

Proof Sketch: It can be shown that the sets S*, 5; — S* (say T1), Sy — S* (say T3) and
S — 81— 83 (say T3) form equal sized disjoint partitions (cosets) of S. The smallest subspace
that contains the elements of 73 is of dimension (k—1) and must also contain all the elements
of S*. Thus it can be shown that the subspace S5 satisfies the relation S; U S, US; = S if
and only if 53N S; NSz = S*. The subspaces and the cosets are shown in Figure 2. O

Example 4 Consider the three-dimensional space S and all of its distinct two-dimensional
subspaces S5y through S7 as given in Example 3. Let $* = S; NS, = {0,1}. It can be easily
verified that S, is the only two-dimensional subspace that contains S* and hence satisfies
the relation S; US; USy = S. 0O

Lemmal gives a condition on the minimum overlap between any two subspaces contained
in a k-dimensional space. Lemma 2 specifies the minimum number of distinct subspaces of
smaller dimensions contained in a k-dimensional space. Lemma 3 states that the elements
of a k-dimensional space S are not entirely covered by the elements of any two distinct

(k — 1)-dimensional subspaces contained in S. A unique third subspace of dimension no less
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Figure 2: A vector space and its subspaces and cosets



than (k — 1) is required to cover all the elements of S. In fact Lemma 3 provides an outline

for constructing the minimum number of distinct subspaces specified by Lemma 2.

The algebraic results described above form the basic building blocks in proving our
results on both generic and circuit-specific bounds. Lemmas 1 and 2 are used in deriving
both generic and circuit-specific bounds while Lemma 3 is used in the derivation of generic
bounds.

3 Generic Bounds

For an (n,m, k) circuit, the computation of an upper bound on the pseudo-exhaustive test
length involves determining the smallest number of independent test signals (say k* > k) that
are sufficient for pseudo-exhaustive testing of the circuit. We shall derive a few important
cone-independent bounds on test lengths.

A set of 2" distinct test signals can be obtained as linear combinations of k* independent -
test signals. The distinct test signals are considered as distinct residues. The k* independent
test signals can be considered as a basis of a k*-dimensional space and the residues can be
considered as elements of this space. The k* independent test signals can be generated using
a £~ degree LFSR and linear combinations of these test signals can be obtained by an XOR
network. Hence, if for a given (n,m, k) value a bound of k* test signals is derived, then a
TPG consisting of £~ stage LFSR and some XOR gates [11] can generate pseudo-exhaustive
test set for any (n,m, k) circuit.

3.1 Basic Results

Consider an (n,m, k) circuit along with the following notation. The n inputs are denoted
as 0;,1=1,2,...,n, and the m outputs as O;, j = 1,2,...,m, respectively. The inputs are
partitioned into m sets I, I, ..., I, such that I; denotes the set of inputs that drive exactly
i outputs of the circuit. We first summarize some previously known results that, along with

the above algebraic results, form the foundation for our bound computation.

Definition 3 A residue r is said to be a proper residue with respect to a set of residues
R if r is linearly independent with respect to the residues in R. Residue r is said to be a

prohibited residue with respect to R if r is a linear combination of a subset of residues in

R.



Theorem 1 [5/ An output cone will be exhaustively tested if and only if the inputs driving

the output cone are assigned proper residues.

For an (n,m, k) circuit we need to assign proper residues to the circuit inputs from a
k*-dimensional space (where k* > k) such that the residues assigned to the inputs driving
any output cone are linearly independent. The bound computation involves guaranteeing
the availability of proper residues (elements) for all circuit inputs from the k*-dimensional

space.

Definition 4 Output O; is said to dominate output O; if each input that drives O; also
drives O;. Output O; is said to be a dominating output if it is not dominated by any other
output.

Lemma 4 It is sufficient to consider only the dominating outputs of the circuit for deter-

mining pseudo-ezhaustive test lengths.

Proof: Let an output O; dominate another output O; in a circuit. Proper residue assignment
to the set of inputs driving O; ensures exhaustive testing for both output cones O; and O;.
Hence there is no need to consider residue assignments separately for 0;. O

Definition 5 A circuit is said to be reduced if none of its outputs is dominated by any

other output.

Any given circuit can be reduced by ignoring all of its dominated outputs. In practice,
these cone-independent bounds can be applied to circuits whose cone information is available.
The reduction of an (n,m, k) circuit gives an (n,m’, k) reduced circuit, where m’ < m. The
application of the following cone-independent bounds to the reduced (n,m', k) circuit can
provide tighter bounds on test length. Henceforth, we shall consider only reduced circuits.

Example 5 Consider the (6,6,3) circuit shown in Figure 3. The inputs are denoted by
01 through 0 and outputs denoted by O through Og respectively. The inputs can be
partitioned as follows: Is = [y = {}, I, = {05}, s = {01,02,05,04}, I, = {06} and I, = {}.
The circuit is a reduced circuit as none of its outputs is dominated by any other output. O

While determining a sufficient number of test signals for pseudo-exhaustive testing of
a circuit, we need to guarantee the availability of proper residues (generated by these test
signals) only to a subset of inputs. The remaining inputs are guaranteed of proper residues
as stated by Lemma 5. Thus only a subset of inputs need to be considered for bound
computation. In all the following results, it is assumed that all the inputs in /; are assigned

residues prior to any input in /; (7 < 7) is considered.
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O1 = (61,0, 03)
— 0, Oz > (61,63, 64)
— 6 Oz — (6263, 65)
— | 9 Oq > (82,04, 65)
% 05— (8y, 05, )
Og [— (04, 05, 0g)

Figure 3: An (6,6,3) example circuit
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Lemma 5 For an (n,m,k) circuit, let k* ( > k) independent test signals be sufficient to
assign proper residues for all inputs in I; for all i > 25" ~F+1 Then these test signals are also

sufficient to assign proper residues for all inputs in I; for all j < 2K =k+1

Proof Sketch: For any input that belongs to I; for all j < 2¥"~*+1 it can be shown using
Lemma 2 that the total number of prohibited residues is less than 2*° and hence k* test
signals are sufficient. O

Corollary 2 For an (n,m, k) circuit, let k independent test signals be sufficient to assign
proper residues for all inputs in I; for all i > 2. Then these test signals are also sufficient

to assign proper residues for all inputs in I, and I;.

Lemma 5 and its corollary helps in reducing the number of inputs that need to be
considered while determining the upper bound on pseudo-exhaustive test length.

Definition 6 [1] An (n,m,k) circuit is said to be a« maximal test concurrent (MTC)
circutt, if it can be pseudo-ezhaustively tested with k independent test signals.

Any (n,m,k) circuit needs at least k test signals due to its maximum cone size. If
m < 3, then the circuit inputs can only be partitioned into I and I;. Thus Corollary 2
directly leads to the following theorem (inferred from [1]).

Theorem 2 [1] Any (n,m, k) circuit with m < 3 is a MTC circuit.

We consider assigning linear combinations of test signals to inputs that is not considered
in [1]. Our method can be interpreted as a generalization of [1] and helps in reducmg the
total number of independent test signals required for pseudo-exhaustive testing of a circuit.
The above results will now be used to derive several new results including a stronger version
of Theorem 2.

3.2 Results on MTC Circuits

We shall present our results on MTC circuits in this section. Lemma 5 can be strengthened
by considering MTC circuits with less than six outputs. The stronger result is given by the
following lemma and is useful for proving one of our main results that deals with circuits
with less than six outputs.
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Lemma 6 For an (n,m, k) circuit with m < 6, let k independent test stgnals be sufficient to
assign proper residues for all inputs in Is and Iy. Then these test signals are also sufficient

to assign proper residues for all inputs in I5.

Proof Sketch: Let 6 € I3 drive outputs Oy, O, and Os. Let ki, ky and k3 be the number
of inputs driving Oy, Oz and Oj, respectively, that are already assigned proper residues.
It can be easily shown through counting arguments using Lemma 2 that the total number
of prohibited residues for # is less than 2* provided the values of ki, ks and ks are not
simultaneously equal to (k —1). There can be at most only one input in I3 with k; = k, =
ks = (k—1). If ky = ko = ks = (k— 1) for 0, then the counting arguments result in the total
number of prohibited residues for 0 as 2*. For that case, it can be shown using Lemma 3
that there exists another residue assignment for inputs in I — {0} such that 6 can also be

assigned a proper residue. o

By justifying the elimination of the assumption made in Lemma 6, a much stronger
result can be obtained as given by Theorem 3. The theorem states that any circuit with five
or less outputs and with maximum cone size of k inputs can always be pseudo-exhaustively

tested with just 2% patterns.
Theorem 3 Any (n,m, k) circuit with m < 6 is a MTC circuit.

Proof Sketch: For any five output circuit, it can be easily shown that all inputs in I5 can
be easily assigned proper residues from a k-dimensional space S spanned by basis B. It only
needs to be shown that all inputs in I; can also be assigned proper residues from 5. The
inputs in Iy are partitioned into five subsets I, L2, ..., Iys such that [, ; = {inputs that do
not drive O; } (i = 1,2,...,5). If each of the partition I,; is not empty, select one input (say
0;) from each Iy; and form the set 1 = {04,0,04,0},05}. Select four elements from B, say
{27, 27%1 29+2 23+3} and assign the five residues {a7, 27+1, gi+2 i+3, @l it g2 4 g3 43}
to the five elements in 7. This process is repeated until all the inputs from one of the
partitions is selected. The remaining inputs in I; can be easily assigned proper residues
from 5. All inputs that belong to I3, I; and I, can be assigned proper residues as per
Lemma 6 and Corollary 2. ‘ O

Theorem 3 states that any five output circuit is a MTC circuit. The result is indepen-
dent of the number of inputs and the maximum cone sizes of the circuits. Our result is a
significant improvement over the well known result that any two output circuit is a MTC
circuit (Theorem 2).

Example 6 illustrates a six output non-MTC circuit. In the example, note that even
though all inputs drive exactly three outputs, the circuit is not a MT'C circuit since it contains

six outputs. The example illustrates the strictness of both Lemma 6 and Theorem 3.
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— 61 01 (el! eﬁ

02 (81 1 83)

—
%2 03— (0, 65)
J 6, 04— (8y, 64)
O5 > (02, 04)

Og —> (03, 04)

Figure 4: An (4,6,2) non-MTC circuit



Example 6 Consider the (4,6,2) circuit driven by inputs {6;,0,, 03,04} as shown in Fig-
ure 4. Though each of the outputs depend exactly on two inputs, the circuit is not a MTC
circuit and needs three independent test signals (say 1,z,2?%). Inputs 6; through 4 can be
assigned residues 1,x,1 + z and 2 respectively. o

3.3 Results on (n,m,k) Circuits

The following section, containing Theorems 4 and 5 and Conjecture 1, summarizes our
generic bounds on (n,m, k) circuits. It should be noted that circuits with more than five
outputs can be MTC circuits.

Theorem 4 For any (n,m, k) circuit, let k*( > k) be the smallest number satisfying the
following inequality

m < 2k‘—k+1' (1)

Then k* independent test signals are sufficient for pseudo-ezhaustive testing of the circuit.

Proof: Since the circuit has only at most 25" =%+ outputs, any input can drive only at most

—k+1

2K =k+1 putputs. From Lemma 5, we know that all inputs that drive at most 2 outputs

can be assigned proper residues by £* independent test signals. O

Theorem 5 For any (n,m, k) circuit, our bound on the number of independent lest signals

for pseudo-exhaustive testing given by Theorem 4 is tighter than the bound derived in [3].

Proof: It has been shown in [3] that k* independent test signals are sufficient if k* satisfies

the inequality
m < PR (2)

It is evident that our bound is tighter than the bound derived in [3] as we can accommodate

twice the number of outputs for the same number of test signals. o

Conjecture 1 For an (n,m,k) circuit, let k* ( = k) be the smallest number satisfying the

following inequality
m < KR (3)

Then k* independent test signals are sufficient for pseudo-exzhaustive testing of the circuit.
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Table 1: Bounds on test lengths for (n,m, k) circuit

Number of Number of outputs
Test Signals | Akers [3] | Theorem 4 | Conjecture 1
k 1 2 51
k+1 2 4 9
k+2 4 8 17
k+3 8 16 33
L ok*—k k*—k+1 ok*—k+2 4
( — proven by Theorem 3)

Conjecture 1 is true for MTC circuits since any (n,m, k) circuit with m <5 is an MTC

circuit as per Theorem 3.

Table 1 shows three upper bounds on the number of outputs for an (n,m, k) circuit that
can be pseudo-exhaustively tested with the number of test signals given in the first column.
For example, any (n,m,k) circuit with at most four outputs can be pseudo-exhaustively
tested with (k + 2) test signals according to the bound derived in [3]. Theorem 4 states
that (k + 1) test signals are sufficient for pseudo-exhaustive testing of any (n,m,k) circuit
with m < 4. Conjecture 1 states that k test signals are sufficient for the same circuit. For a
given number of test signals (say k*), we guarantee exhaustive testing of twice the number of
output cones (Theorem 4) and possibly four times the number of output cones (Conjecture 1)

compared to the number of output cones guaranteed by the bound in [3].

Table 2 presents the cone-independent bounds on pseudo-exhaustive test lengths for
the partitioned versions of ISCAS combinational benchmark circuits [12] and unpartitioned
versions of a few ISCAS sequential benchmark circuits [13]. The combinational benchmark
circuits are partitioned using our partitioning procedure [14] such that the output cones are
driven by 20 or less inputs. Columns 2 and 3 present the original (n,m,k) and reduced
(n,m’, k) characteristics of these circuits. The last three columns present the generic bounds
on pseudo-exhaustive test lengths (in terms of the number of independent test signals) based
on Akers’ results [3] and our results given by Theorem 4 and Conjecture 1. From the table
it is evident that our bounds are tighter.
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Table 2: Generic Bounds for ISCAS Benchmark Circuits

Benchmark |  Original Reduced Cone Independent Bound
Circuit (n,m, k) (n,m’,k) | Akers [3] | Theorem 4 | Conjecture 1
432 (56,27,20) | (56,20,20) 25 24 23
499 (49,40,14) | (49,40,14) 20 19 18
c880 (70,36,17) | (70,29,17) 22 21 20
c1355 (49,40,14) | (49,40,14) 20 19 18
1908 (47,39,20) | (47,26,20) 25 24 23
c2670 | (262,169,20) | (262,117,20) 27 26 25
3540 (108,80,20) | (108,57,20) 26 25 24
5315 | (215,160,20) | (215,91,20) 27 26 25
6288 (99,98,20) | (99,39,20) 26 25 24
7552 | (286,187,20) | (286,69,20) 27 26 25
s27 (7,2,6) (7,2,6) 7 6 6
5208 (19,10,18) | (19,3,18) 19 19 187
5298 (17,19,8) (17,10,3) 12 11 10
5344 (24,21,13) | (24,9,13) 1 16 14
5349 (24,21,13) | (24,9,13) 17 16 14
5382 (24,15,14) | (24,10,14) 18 17 16
$386 (13,6,12) (13,2,12) 13 12 12
5420 (35,18,34) | (35,5,34) 35 35 341
sd44 (24,15,14) | (24,10,14) 18 17 16
$510 (25,5,20) (25,2,20) 21 20 20
5526 (24,24,14) | (24,10,14) 18 17 16
s641 (50,35,28) | (50,23,28) 33 32 31
sT13 (50,35,28) | (50,23,28) 33 32 31
s820 (23,15,21) | (23,3,21) 23 22 21t
5832 (23,15,21) | (23,3,21) 23 22 217
5838 (67,34,66) | (67,9,66) 67 67 67
5953 (22,20,18) | (22,6,18) 21 20 19

(1 — proven by Theorem 3)
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4 Circuit-specific Bounds

For an overwhelming majority of circuits, we can utilize the information about cone depen-
dencies to derive a bound on the number of independent test signals required for pseudo-
exhaustive testing of the circuit. Circuit-specific bounds are tighter than the generic bounds
derived earlier. We shall derive bounds for both LFSR/XOR and LFSR/SR structures and
show that our bounds are better than those derived in [3] and [5].

Let us consider the (n,m,k) circuit along with the notation that input 6; is assigned a
unique index 7;, where 1 < 7; < n. A permutation of inputs is specified completely by the
n-tuple (71, 72,...,m). The default permutation is given by 7; = ¢ for 6;, i = 1,2,...,n.

We shall assume the default permutation of inputs unless stated otherwise.

The input dependencies for an output is represented by an ordered set of inputs. The
inputs are arranged in the ordered set in increasing order of their indices. Consider output
O; being driven by k inputs 6;,,0;,,...,0;,. Let 1 < i3 < ip < ...7 < n. Under the
default permutation of inputs, the input dependencies for O; is represented by the ordered
set {0;,,0i,,...,0;.}. Let p;; denote the position of 6; in the ordered dependency set for
O;. If 0; drives O;, then p;; takes appropriate value between 1 and k, otherwise p; ; = 0.
Let pf = maz {pi1,pi2,---,Pim} denote the maximum position in which 0; occurs among
the input dependencies for all m outputs. Let f;; be a boolean variable such that f;; =1
if pij >0and f;; = 0if p;;j = 0. Let ff = ¥7-, fi,; denote the number of occurrences
(frequency) of #; among all m outputs. The notation is illustrated in the following example.

Example 7 Consider the (6,6,3) circuit shown in Figure 3. Let us assume the default
permutation where 6; is assigned index m; = 7. The input dependencies for the six outputs

are

OI o 01 92 03 02 o) 01 03 94 03 4 02 03 95
O.] . 92 94 95 Os . 91 05 96 03 e 04 05 95

Input 62 appears in second position for O; and first positions for O3 and O4. Thus for
0> we have py; values (j = 1,2,...,6) of 2, 0, 1, 1, 0 and 0, respectively, and f;; values
(j=1,2,...,6)0f 1,0, 1, 1, 0 and 0, respectively. Hence p5 = 2 and f3 = 3. O

4.1 LFSR/XORs

We shall derive tight upper bounds for the test sets generated by LFSR/XOR structures for

a given (n,m, k) circuit. The circuit cones are described in terms of the parameters defined
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above. Since these bounds are derived based on the ordering of the circuit inputs, we shall

determine the best permutation of inputs to achieve the best improvement of these bounds.

4.1.1 Bounds based on Default Permutation

Theorem 6 For an (n,m,k) circuit, let p;;, pi and f;; be the circuit parameters (defined
earlier) characterizing the cone dependencies. Let k™ be the smallest number satisfying the
following inequality for all inputs 6;, 1 <i < n.

[278-2K"] £ 3 fig{omia—T — [2pitPii=2-F"1} < oF (4)

i=1

Then k* independent test signals are sufficient for pseudo-ezhaustive testing of the circuit.

Proof Sketch: For input #;, the output in which 6; appears at position p} is considered as
the reference output. For this output, 6; appears along with (p; — 1) inputs that have been
already assigned proper residues. These (pf—1) residues span a (p; —1)-dimensional subspace
(say Sjo) and all the elements in this subspace are prohibited residues for §;. For any output
O; with p; ; > 0, 0; appears along with (p; ;—1) inputs that have been already assigned proper
residues. These residues span a (p; ; — 1)-dimensional space (say 5;) and all the elements in
this space are prohibited residues for #;. From Lemma 1, we know that subspaces S;. and
S; have at least [2Pi*7is=2-%¥"] common elements. Thus the LHS expression of Equation 4
gives an upper bound on the total number of prohibited residues for ;. The first term in
the LHS expression is due to the error in the summation for the reference output. As long

as this expression is less than 2*°, a proper residue from S is guaranteed for 6;. O

Theorem 7 The cone dependent bound on the number of independent test signals given by
Theorem 6 is tighter than the cone independent bound given by Theorem 4.

Proof: It is enough to show that the cone independent bound can be derived by assuming
the worst case in the derivation of cone dependent bound. For an input 6; with p;; = k for

all m outputs, we have p; = k and Equation 4 simplifies to

|'22k—2—k"'] +m x (Qk-—l _ |'22k—2—k‘-|) < 2k‘

= (m _ 1)(2k—1 _ [‘221:—‘2—-1:"]) < 2k' _ 2k—1

= m < 2F-k

Thus the cone dependent bound is tighter than the cone independent bound. O
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4.1.2 Improvement on Bounds by Permutation

Given an (n,m, k) circuit, the bound on the number of independent test signals given by
Theorem 6 can be improved by allowing the permutation of inputs. We shall describe a
permutation algorithm that assigns unique indices to circuit inputs resulting in low (high) p; ;
values for inputs driving many (few) outputs. The algorithm modifies the circuit parameters
(that characterizes the cone dependencies) and allows Equation 4 to be satisfied for a smaller
value of k*.

Algorithm XORBound

Input: Output cone dependencies of (n,m, k) circuit.
Output: Upper bound on the number of independent test signals &* ( > k).

—

. Determine all dominating outputs and consider only the reduced circuit.
2. k* « k. [* k* is the number of independent test signals */
3. Determine f for input 6; Vi=1,2,...,n. /* determine the input frequencies */

4. 7 — 0 Vi=1,2,...,n; n* « n.

/* initialize the indices of inputs and n* is the current highest index */
5. For each unassigned 0; do

(a) If fr < 2¥-*1 then {m « n*; n* « n*—1}
6. While n* is decremented do

(a) For each unassigned 0; do
1. mp — n*.
ii. Check the satisfiability of Equation 4 for 6;.

iii. If the equation is satisfied then n* «— n* —1;else m; « 0.
7. If n* > 0 then

(a) If k* = n, go to Step 8.
(b) &* « k*+1; Go to Step 4.

8. Qutput the number of test signals (£*).
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The algorithm XORBound determines a minimal number of independent test signals
that are sufficient for pseudo-exhaustive testing of a given circuit. Lemma 4 enables us to
consider only dominating outputs for determining the bound on test length. Lemma 5 states
that a set of k* test signals guarantees proper residues for each input that drives at most
2% =k+1 outputs and hence all these inputs are assigned highest possible indices. From the
remaining set of unassigned inputs, an input (say 6;) is assigned the current highest index
(n*) provided it satisfies Equation 4. The p;; values for 0; are determined based on the fact
that the remaining unassigned inputs can have indices only less than n*. The unassigned
inputs are repeatedly considered for assignment until there is no decrease in the value of n*.
Any further existence of unassigned inputs mandates an increment to the number of test

signals and an iteration of the entire algorithm.

The complexity of the algorithm can be computed as follows. Every iteration of the while
loop results in assigning proper indices to one or more inputs. The number of iterations of
the while loop is bounded above by n(n + 1)/2 since every iteration can result in assigning
a proper index to only one input. The satisfiability check for input 6; involves determining
pi; values for all m outputs. Thus the complexity of the while loop is given by O(mn?).
The number of iterations of the entire algorithm is bounded above by (n — k). Thus the
complexity of the algorithm is given by O(mn®), where n and m are the number of inputs
and outputs to the circuit respectively.

In general, considering all permutations of inputs and using Theorem 6 for determining
the tightest possible bound has exponential complexity. The following theorem states that
our permutation algorithm of polynomial complexity is sufficient to find the tightest possible

bound using Theorem 6.

Theorem 8 Algorithm XORBound is of polynomial complezity and determines the tightest

possible bound on the number of test signals that can be achieved using Theorem 6.

Proof Sketch: It will suffice to show that algorithm XORBound results in a minimum
subset of inputs that are not assigned indices after the completion of the while loop. This

can be proven by contradiction on the minimality of the set of unassigned inputs. a

Example 8 Consider the (6,6, 3) circuit described in Example 5. Akers’ bound using Equa-
tion 2 requires siz signals. Our bound using Equation 4 without allowing a permutation of
inputs requires four signals. Applying the algorithm XORBound reduces our bound to
three test signals. The circuit can be tested with three independent test signals. Residues
{1,2,2%,1 42,1 + 22,2} are assigned to inputs 1 through 6 respectively. O
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4.1.3 Experimental Results

Table 3 presents the cone-dependent bounds on test lengths for LFSR/XORs for the parti-
tioned versions of ISCAS combinational benchmark circuits [12] and unpartitioned versions
of a few ISCAS sequential benchmark circuits [13]. Columns 2 and 3 present the original
(n,m, k) and reduced (n,m’,k) characteristics of these circuits. The last three columns
present the bounds on test lengths (in terms of the number of independent test signals) by
considering the reduced circuits. The cone-independent bounds are determined using Theo-
rem 4. The cone-dependent bounds with the default permutation of inputs are determined
using Theorem 6. The algorithm XORBound achieves tighter bounds on pseudo-exhaustive
test lengths by determining one of the best permutation of inputs. The improvement of
the bounds by allowing permutation of inputs is evident from the table. The circuit-specific
bounds determined by allowing for the permutation of inputs are optimal for all these circuits
except for circuit c6288.

4.2 LFSR/SRs

An (n,m, k) circuit can be pseudo-exhaustively tested by a simple LFSR/SR if there exists
a primitive feedback polynomial of degree k*( > k) such that the residues assigned to the
inputs driving each output are linearly independent as stated by Theorem 1.

Definition 7 The primitive feedback polynomial of an LFSR/SR considered for a given
circuit is said to be inapplicable if the polynomial results in a set of linearly dependent

restdues for the sel of inputs driving some outpul of the circuit.

Theorem 9 [15] The total number of primitive polynomials of degree k* is given by ®(2¥" —
1)/k*, where ® is Euler’s phi function.

4.2.1 Bounds based on Default Permutation
We shall assume the default permutation of inputs where input 6; is fed by the ith stage

of an LFSR/SR. Input 0; is assigned the residue z* mod P(z), where P(x) is the primitive
feedback polynomial of the LFSR/SR.

Theorem 10 For an (n,m,k) circuit, let p;; and f;; be the circuit parameters (defined

earlier) characterizing the cone dependencies. Let k* be the smallest number satisfying the
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Table 3: Circuit-specific bounds for LFSR/XORs

Cone- Cone-dependent Bound
Benchmark | Original Reduced | independent | with default | with best
Circuit (n,m, k) (n,m', k) Bound permutation | permutation
c432 (56,27,20) (56,20,20) 24 20 20
499 (49,40,14) | (49,40,14) 19 16 14
c880 (70,36,17) | (70,29,17) 21 18 17
cl355 (49,40,14) (49,40,14) 19 16 14
c1908 (47,39,20) (47,26,20) 24 20 20
2670 | (262,169,20) | (262,117,20) 2 20 20
3540 | (108,80,20) | (108,57,20) 25 21 20
c5315 (215,160,20) | (215,91,20) 26 21 20
c6288 (99,98,20) (99,39,20) 25 22 21
c7552 (286,187,20) | (286,69,20) 26 20 20
s27 (7,2,6) (7,2,6) 6 6 6
5208 (19,10,18) (19,3,18) 19 18 18
5298 (17,19,8) | (17,10,8) 11 9 8
5344 (24,21,13) | (24,9,13) 16 13 13
$349 (24,21,13) (24,9,13) 16 13 13
5382 (24,15,14) | (24,10,14) 17 14 14
5386 (13,6,12) | (13,2,12) 12 12 12
5420 (35,18,34) | (35,5,34) 35 34 34
sddd (24,15,14) | (24,10,14) 17 14 14
s510 (25,5,20) (25,2,20) 20 20 20
5526 (24,24,14) | (24,10,14) 17 14 14
s641 (50,35,28) (50,23,28) 32 28 28
s713 (50,35,28) (50,23,28) 32 28 28
5820 (23,15,21) | (23,3,21) 22 21 21
5832 (23,15,21) | (23,3,21) 29 21 21
s838 (67,34,66) | (67,9,66) 67 66 66
5953 (22,20,18) (22,6,18) 20 18 18
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following inequality
S ix fis(@T o 1) <82 1) m 2 1. (5)
._1 1_L.

Then a simple LFSR/SR based on a degree k* primitive polynomial is sufficient for pseudo-
erhaustive testing of the circuit.

Proof Sketch: The proof can be derived as an extension of the arguments presented in [5]).
The LHS expression (divided by £*) forms an upper bound on the number of inapplicable
primitive polynomials based on the p;; values for all inputs ; and outputs O;. The RHS
expression (divided by k*) gives the total number of primitive polynomials of degree k* as
per Theorem 9 stated in [15]. =

Theorem 11 For any (n,m, k) circuit, our bound on the degree of LFSR/SR given by The-
orem 10 is tighter than the bound derived in [5].

Proof: It has been shown in [5] that a simple LFSR/SR of degree k* is sufficient for pseudo-

exhaustive testing of an (n,m, k) circuit if k* satisfies the equation
nxmx(28—1)<d@F —1)~ 2" —1. (6)

We shall show that the value of k* in Equation 5 is bounded above by the value of k* in
Equation 6.
Let E; denote the expression Y% ;.7 % fi; x (2P%~! —1). The LHS expression of Equa-

tion 5 can be expressed as 3.7-; E;. Let us consider the input dependencies for output O;

given by the ordered set {0;,,0;,,...,0;.}. For this output we compute E; as

Ej = Z z X f'u.? QP’J;_.]‘ 1)
_L'

qu (2071 1)
=1

IA

IA

nxy (271 —1) (since i, < n)
g=1

< nx(2F=1).

Summing up E; for all values of j, we get

Y. E; < an(2"— =mxnx(2F-1).
j=1 i=1

Thus the LHS expression of Equation 5 is smaller than the LHS expression in Equation 6.

Hence k* value in Equation 5 is bounded above by i value in Equation 6. ]
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4.2.2 Improvement on Bounds by Permutation

Given an (n,m, k) circuit, the bound on the degree of the applicable primitive polynomial
for an LFSR/SR given by Theorem 10 can be improved by permuting the inputs. We shall
attempt to minimize the total number of inapplicable primitive polynomials given by the LHS
expression in Equation 5. Thus an improvement on the bound can be obtained for the degree
of the applicable primitive polynomial for LFSR/SR. This is similar to the improvement on
the bound achieved for LEFSR/XORs.

Algorithm SRBound

Input: Output cone dependencies of (n,m, k) circuit.
Output: Upper bound on the degree £* ( > k) of applicable primitive polynomial.

1. Determine all dominating outputs and consider only the reduced circuit.

o

k* — k.
/* k* is the degree of the primitive polynomial */

3. Assign indices to inputs according to the input permutation determined by the algo-

rithm XORBound.
4. While Equation 5 is not satisfied do

(a) If & = n, go to Step 5.
(b) k* « k*+1.

5. Output the degree of the applicable primitive polynomial (£*).

For a given circuit, the algorithm SRBound usually determines an applicable prim-
itive polynomial of smaller degree than the default permutation. Only dominating out-
puts are considered as per Lemma 4. The input permutation determined by the algorithm
XORBound is used to minimize the LHS expression of Equation 5. The satisfiability check
involves computing p;; values for all inputs driving each output. Since the input permu-
tation determined by the algorithm X ORBound is used again in the algorithm SRBound,
the complexity of the algorithm SRBound is the same as that of the complexity of the al-
gorithm X ORBound. However, the algorithm SRBound for LFSR/SRs does not guarantee
the tightest possible bound unlike the algorithm XORBound for LFSR/XORs.
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Example 9 Consider again the (6,6,3) circuit described in Example 5. For LFSR/SRs,
Barzilai’s bound determined by Equation 6 requires eight test signals. The bound computed
using Equation 5 without allowing permutation of inputs requires a primitive polynomial of
degree five. The algorithm SRBound still requires a degree five polynomial. However, the
circuit can be tested with an LI'SR/SR using the polynomial z* + z + 1. o

4.2.3 Experimental Results

Table 4 presents the cone-dependent bounds on test lengths for LFSR/SRs for the partitioned
versions of ISCAS combinational benchmark circuits and unpartitioned versions of some
ISCAS sequential benchmark circuits [13]. The last three columns present the bounds on
test lengths (in terms of number of independent test signals) by considering only the reduced
circuits. Barzilai’s bounds are determined using Equation 6 and our bounds with default
permutation of inputs are determined using Equation 5. The algorithm SRBound results in
tighter bounds by using the same permutation of inputs that were originally determined for
LFSR/XORs. The improvement of the bounds by allowing permutation of inputs is evident
from the table. It should be noted that our LFSR/SR bounds represent test lengths that

are a few orders of magnitude smaller than those given by Barzilai’s bounds.

5 Conclusion

In this paper we have first derived a few important algebraic results on the set union and
intersection operations between vector subspaces. We have determined (a) the minimum
overlap between distinct subspaces and (b) the minimum number of distinct subspaces con-
tained in a vector space. These algebraic results are used in the derivation of the bounds on

pseudo-exhaustive test lengths.

We have determined a few generic bounds on test lengths that are independent of the
structural information about the circuit output cones. We have shown that any circuit
with less than six outputs is maximal test concurrent. We have derived an expression for
the number of independent test signals that are sufficient for pseudo-exhaustive testing of
any given (n,m, k) circuit. The expression is based on the number of outputs (m) and the

maximum cone size (k) of the circuit.

We have also derived a few circuit-specific bounds utilizing the structural information
about the circuit output cones. We have derived tight upper bounds on the test sets generated
by LFSR/XORs and LFSR/SRs and shown that our bounds are better than those derived
in [3] and [5]. We have developed algorithms of polynomial complexity to permute circuit
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Table 4: Circuit-specific bounds for LFSR/SRs

Cone-dependent Bound
Benchmark | Original Reduced | Barzilai [5] | with default | with good
Circuit (n,m, k) (n,m' k) permutation | permutation
c432 (56,27,20) (56,20,20) 31 28 26
¢499 (49,40,14) | (49,40,14) 25 23 22
c880 (70,36,17) | (70,29,17) 28 26 25
c1355 (49,40,14) | (49,40,14) 25 23 92
1908 | (47,39,20) | (47,26,20) 31 27 26
c2670 (262,169,20) | (262,117,20) 35 30 29
3540 (108,80,20) | (108,57,20) 33 31 30
c5315 (215,160,20) | (215,91,20) 35 32 31
c6288 (99,98,20) (99,39,20) 32 30 30
7552 (286,187,20) | (286,69,20) 35 32 30
s27 (7,2,6) (7,2,6) 7 7 6
5208 (19,10,18) | (19,3,18) 19 19 18
$298 (17,19.8) | (17,10,8) 16 14 13
5344 (24,21,13) | (24,9,13) 21 18 15
$349 (24,21,13) | (24,9,13) 21 18 15
5382 (24,15,14) | (24,10,14) 22 19 18
5386 (13,6,12) | (13,2,12) 13 13 12
$420 (35,18,34) (35,5,34) 35 35 34
s444 (24,15,14) | (24,10,14) 22 18 14
s510 (255,20) | (25:2,20) 25 24 20
$526 (24,24,14) | (24,10,14) 22 18 14
s641 (50,35,28) | (50,23,28) 39 33 31
s713 (50,35,28) (50,23,28) 39 33 31
5820 (23,15,21) | (23,3,21) 23 23 21
$832 (23,15.21) | (23,3,21) 23 23 21
5838 (67,34,66) | (67,9,66) 67 67 66
5953 (22,20,18) | (22,6,18) 22 22 18
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inputs to obtain good improvements on these bounds. Our bounds provide good estimates
of pseudo-exhaustive test lengths and can be used as guiding factors in designing circuit-
specific TPGs. The computed theoretical bounds for the partitioned benchmark circuits
comply well with the pseudo-exhaustive test lengths generated by circuit-specific TPGs as
reported in [11].
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Appendix: Proofs of Lemmas and Theorems

Lemma 1 Consider a k-dimensional space S and any two distinct subspaces S; and Sy of
dimensions ki and ks contained in S. The set Sy N Sy is a subspace contained in S and
consists of at least [2k11%2=K] elements.

Proof: Let S; = 5 N S;. Consider any two elements @ and b such that a,b € S3. Since
S3 C S and S3 C S, we have a,b € S; and a,b € S;. Since S; and S; are subspaces, we
have that (e + b) € S; and (a + b) € Sy implies (a + b) € S3. Thus S3 forms a subspace
contained in S. Let = be the dimension of subspace Ss.

Let Sy, S; and S3 be spanned by the bases By, By and Bj respectively. Since Sz C 5
and S3 C S,, we can choose B; and B, such that By C By and Bs C Bs. Since |By| = ki,
|B2| = ks and |Bs| = z, we have

|BiUBy| = |Bi|+|Be| = |BiNBy| = |Bi|+|Be|—|Bs| = kithka—z

Let Sy be the (k; + k2 — x)-dimensional subspace spanned by the basis By U Bs. Since Sy C S,

we have
k1+k2—$ S_ k = T 2 k1+k2—k

Hence S;N S, is a subspace of dimension at least (k; +ky—k). Although the term (& +ky—k)
could be negative, S; NS, always contains the additive identity element (zero). Hence S; NS,

is a subspace contained in S and has at least [2¥1+*2=F] elements. O
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Lemma 2 A k-dimensional space is composed of at least (20 + 1) distinct subspaces of
dimensions less than or equal to (k — 1), where 1 <i < (k—1).

Proof: We shall prove the theorem in two parts. First we will show that a k-dimensional
space is composed of at least (2° 4 1) distinct (k — 7)-dimensional subspaces. Then we will
generalize the dimensions of the (2 + 1) distinct subspaces to less than or equal to (k — 7).

Part I: Consider any two distinct (k — ¢)-dimensional subspaces S; and S; contained in a
k-dimensional space S. From Lemma 1, the two subspaces S; and S, must have a common

subspace of dimension at least (k — 2i). Hence we have

|S1] = |8 = 2%
|S1 N S| > 2%
51U Sl = |Si] + [S2] = [$i n S < 25 4 2F - 2k

Let 51,89,...,5; be z distinct (k — 7)-dimensional subspaces such that U7_;S; = 5. Each

of these subspaces can have at most (2%* — 2¥=%') elements unique to them. Hence we have

x

U S;

i=1

IS| = = 2k S zk—i 4 (m_l)(zk—i _ 2&—2:‘)

Multiplying throughout by 2%~* we get

2% < 2 4+ (z-1)(2 —-1)
22(_2:'
> e
= x 2 51 + 1

= z > 2 41.

Thus a k-dimensional space is composed of at least (2 + 1) distinct (k — )-dimensional

subspaces.

Part II: Now we shall generalize the dimensions of the (2' + 1) distinct subspaces. Let
Sg,S7,..., S5 be (28 + 1) distinct subspaces contained in a k-dimensional space 5 with
dimensions ko, ki, . .., ky respectively. Let k; < (k—¢) Vj=0,1,..., 2. Let Sg, S1,...,5
be (2' + 1) distinct (k — i)-dimensional subspaces contained in S such that ST C 5; Vj =
0,1,...,2". From Part I we know that

Us c s
i=o
2i 2i
= USssc Us ¢ s
=0 1=0

Thus a k-dimensional space is composed of at least (2¢+ 1) distinct subspaces of dimensions

less than or equal to (k — 2). 0

29



Lemma 3 Consider a k-dimensional space S and any three distinct (k — 1)-dimensional
subspaces S1, S; and S; contained in S. Let S* = SN Sy;. The subspace Ss satisfies the
relation S{ U S2USs = S if and only if S;NS; N S3 = S*.

Proof: Since S; and S, are distinct (k — 1)-dimensional subspaces contained in S, S* is a
(k — 2)-dimensional subspace as per Corollary 1. Consider an element a such that a € S,
and a € S*. Let Ty = {a+ s | Vs € $*}. Then we have T} C S; and |T}| = |S*| = 2"~2. The
set S*NT; = ) since a &€ S*. The set $*UT) contains 25! elements and hence S*UT, = 5.
Consider another element b such that b € S; and b ¢ S*. Let T, = {b+ s | Vs € S*}. Then
we have T, C S; and |T3| = |5%| = 2F-2. The set S*N T, = () since b & S*. The set S* U Ty
contains 2¥~! elements and hence $* U T, = S,. The Venn diagram of these sets are shown
in Figure 2. Thus we have

51 = 5* U {a+s|VsES*} = S* U T1
Sz = S, U {b-|—3 | Vs S S*} = S* U T2
S US = S5 U {a+s|VseS} U {bts|VseS} = SSUTLUT

Let T3 = {a+b+s | Vs € S*}. Sincea,b & S*, we know that a € S5, b ¢ S1 and a+b & S1US;.
Therefore T5NS; = T5N S, = §. We know that T5 C S and |T3| = |S*| = 2¥-2. The sets S*,
Ty, T> and T3 are disjoint to each other and the set S* U Ty U Ty U T3 contains 2* elements
and hence S*UT; UT, U Ty = S. The elements of S are partitioned into four equal sized
subsets S*, Ty, Tp and T3 (the subsets are called cosets in algebra terminology [16]) as shown
in Figure 2.

The set T} (i = 1,2,3) does not form a subspace and S* C L(T;). If a subspace (say Sz)
contains S* and an element from T}, then T; C S,. The subsets S*, T}, T; and T3 are unique

to any given two subspaces S; and Sy,

(If):: Assume that S; NSz NS5 = S*. The set S3NTy = @ since if S3NTy # 0, then Ty C 53
and S; = S;. Similarly the set S3 N T, = @ since if S3 N Ty # 0, then T5 C S3 and S3 = 5.
Hence S3 N T3 # . Since S* C S3 and T3 N S3 # 0, we have T3 C S3 and S3 = S5* U Ts.
Therefore S; U S, USs=S*UTy UT, UT3 =S.

(Only If):: Assume that S; U S; U S3 = S. This implies T5 C S3. Since S3 is a subspace,
S* C L(T3) C S3. Therefore 53N .S; NS5 = 5™, O

Lemma 5 For an (n,m,k) circuit, let k* ( > k) independent test signals be sufficient to
assign proper residues for all inputs in I; for all i > 2% ~*+1. Then these test signals are also

sufficient to assign proper residues for all inputs in I; for all j < 2F° ~F+1,

Proof: Let S be the k*-dimensional space generated by &* independent test signals. Assume
that all inputs in I; for all ¢ > 2¥"~*+! have been assigned proper residues from S. Let input
0 € Iyke—r41 drive output O;. Assume that k; inputs (where k; < (k — 1)) driving O; have
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been already assigned proper residues and the residue assignment for f is under consideration.
The residues assigned to k; inputs span a k;-dimensional subspace and none of the elements
from this subspace can be assigned as a proper residue for §. In other words, all the elements
in this subspace are prohibited residues for 8. Since @ drives exactly 25" =%+ outputs, there
are at most 2¥"~*+! distinct subspaces of dimensions less than or equal to (k — 1) whose
elements are prohibited residues for 6.

Lemma 2 states that S is composed of at least (2¥'~*+! 4 1) distinct subspaces of
dimensions less than or equal to (£ — 1). Thus the total number of prohibited residues for ¢
is less than 2*". Hence # can be assigned a proper residue from S. Since # is arbitrary, all

inputs in Jyx—k41 can be assigned proper residues from S.

Similarly, it can be shown that the total number of prohibited residues is less than 2
for any input in I; for all j < 2¥" =%+, Hence all inputs in I; for all j < 25" =%+ can be
assigned proper residues by &* test signals. O

Lemma 6 For an (n,m, k) circuit with m < 6, let k independent test signals be sufficient to
assign proper residues for all inputs in Is and Iy. Then these test signals are also sufficient

to assign proper residues for all inputs in I.

Proof: Let S be the k-dimensional space spanned by the k independent test signals. Assume
that all inputs in I5 and I; have been assigned proper residues from S. We shall show that
all inputs in I3 can also be assigned proper residues from S for any (n,5, k) circuit. The

lemma follows for any (n,m, k) circuit with m < 6.

Let the five outputs of the circuit be denoted as Oy, 02, 03,04 and Os respectively. Let
us sequentially assign proper residues to inputs in I3 and assume that input ¢ € I3 is under
consideration for residue assignment. Let # drive outputs Oy, O, and Os. Each of these
three outputs can have at most (k — 1) inputs that are already assigned proper residues.
Let ky, kg and ks inputs driving O;, O; and Os, respectively, be already assigned proper
residues. Without loss of generality, assume k; < ky < k3 < (k—1). Let S; (: = 1,2,3) be
the subspace spanned by the residues assigned to k; inputs driving O;. The subspaces 51,
S, and S5 are of dimensions ki, k; and ks respectively. The elements in S; U S; U S3 are

prohibited residues for §. As per Lemma 1, we have

|§y N Ss| > 2hthe—k
Sz N Ss| > gheth=k

Hence the total number of prohibited residues for @ is given by

[51 U 52 U 5-3| < 2k; +2k2 +2k3_2k1+k3—-k_2k2+k3—k & 2k (7)

The equality in Equation 7 is satisfied only for k; = k2 = ks = (k — 1). That means any

input # in I3 can be assigned a proper residue from .S, provided the values of k;, ks and k3
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are not simultaneously equal to (k —1). Since the circuit has only five outputs, there can be
at most only one input in I3 with ky = ky = k3 = (k — 1). Let 6* be the unique input in I3
satisfying the condition ky = k2 = k3 = (k — 1). Therefore all the inputs in I3 except §* can
be assigned proper residues from S. Input 6* appears in Oy, Oy and O3 as shown below.

B 5 wsesss g oo 0
D5 1 wensss B 555 o g
Oz 2 vvnnes O vvinn 0~
Oy 2 - 00,05
Os = -+ 6,0,0,---

Let T'= S;US; U S3. Input 8* can be assigned a proper residue as longas T' C S. Let T'= §
under a residue assignment for inputs in I3 — {6*} so that 0* cannot be assigned a proper
residue from S. We shall show that there exists another residue assignment for inputs in

I3 — {07} such that T'C S and 0* can also be assigned a proper residue from S.

Let Ry, Ry and Rj be the sets of (k — 1) residues assigned to the remaining (k& — 1)
inputs driving Oy, O, and Oj respectively. The (k — 1)-dimensional subspaces Si, S; and S3
are spanned by the sets Ry, R; and R3 respectively. Let S* = S5; N S, N S;. Since T'= S by
our assumption, S* is a (k — 2)-dimensional subspace as per Lemma 3. Since T' = S, there
exists residues r;, 7, and r3 unique to Ry, Ry and Ra, respectively, such that ry & S; U Ss,
ro & S;US; and r3 ¢ S; U S,. Following similar arguments given in the proof of Lemma 3,
we can show that

S = S U {r+s|Vse S}
Sz = S*U{T2+S|VS€S*}
Sy = S U {r3+s|Vse S}

Let Ty = {r1 +s | Vs € §*}, To = {ro+s | Vs € S*} and T5 = {r3 + s | Vs € S*}. Since
T = S, Lemma 3 implies that the set {ry + 72 + s | Vs € 5*} must be equal to 75. In other
words, r3 must be equal to (r; + 72 + s*) where s* € 5*.

Let inputs 0}, 6} and 84 drive outputs O;, O, and O3 (as shown above) and be assigned
the residues ry, 5 and 73 respectively. Since the residues 71, r; and rs are unique to Ry, R
and Rs, the inputs 0}, 0, and 0}, are also unique to Oy, Oz and Os respectively. Inputs 0],
0, and 04 cannot belong to Iy or I5 and hence must belong to I3. This implies the last two

outputs O4 and Qs must be driven by all three inputs 8}, 0, and 5 as shown above.

We shall show that the residue rj = (r; +s*) instead of r3 = (ry+r2+ ") is still a proper
residue for input #4. Input 0} drives O3, O4 and Os. Let us consider O3 and show that T4 can
also be assigned as a proper residue for 04 instead of r3. Since 7 ¢ S3, we infer that r3 & Sa.
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Since L(Rz — {r3}) C S3, we know that rj & L(Rs — {ra}). Hence r} is linearly independent
with the residues in (B3 —{rs}) and r} instead of r3 can be assigned as a proper residue for 0
as far as O3 is concerned. Next let us consider O4. Let R4 be the set of linearly independent
residues assigned to the inputs driving Oy4. Since the inputs 0/, 6, and 0} appear together in
Oy, {r1,72,73} C Ry. Since rs € L(Ry—{ra}), r2 € L(R4— {rs}) and r§ = (r3 +r3), we infer
that ry € L(R4 — {ra}). Therefore r} instead of r3 can be assigned as a proper residue for ¢}
as far as Oy is concerned. Similarly, it can be shown that rj instead of r3 can be assigned
as a proper residue for 03 as far as Oj is concerned. Thus we reassign r} instead of r3 as a
proper residue for 0.

Let Ry = Rz — {r3} + {r}} and S} = L(Rj). By the reassignment process Rj instead
of R3 becomes the set of (k — 1) residues assigned to the remaining (k — 1) inputs driving
Os. Since ry & L(R3) = S3, we know that ro & L(Rs — {rs3}). Since 7o & L(Rs — {rs}),
rs € L(Rz — {r3}) and r§ = ry + r3, we infer that ro & L(R}) = S5 and r3 & L(R;) = S5.
Since r3 & Sy U Ss, we infer r3 ¢ S; U Sz U S4 and therefore 60* can be assigned r3 as a proper
residue. Thus all inputs in I3 can be assigned proper residues from S. O

Theorem 3 Any (n,m, k) circuit with m < 6 is a MTC circuit.

Proof: Consider any (n,m,k) circuit with m < 6. Since the maximum cone size of the
circuit is k, it requires at least k independent test signals for pseudo-exhaustive testing. Let
S be the k-dimensional space spanned by the basis B = {1,z,2?,...,2" !} (representing
k independent test signals). We only need to show that all inputs in I5 and I; can be
assigned proper residues from S. Inputs in I3 are guaranteed of proper residues from S as

per Lemma 6. Inputs in I and I; are guaranteed of proper residues from S as per Corollary 2.

Case m = 4: Let |I4| = k4. Since each output is driven by all inputs in /s and the maximum
cone size for the circuit is k, ks < k. Hence all inputs in I; can be assigned proper residues

by selecting k4 elements {1,z,22,...,2"~1} of B. Hence the circuit is a MTC circuit.

Case m = 5: Let |Is| = ks and |I4] = k4. Since each output is driven by all inputs in 5
and the maximum cone size for the circuit is k, ks < k. Inputs in [5 can be assigned proper
residues by selecting ks elements {1,z,2%,...,2%7 1} of B. We shall consider inputs in Iy

and assign proper residues from the subspace spanned by the remaining (k — ks) elements
{ahs,ghstl .. 21} of B.

Let the five outputs of the circuit be denoted as Oy,0,,0s, O4 and Os respectively.
Partition the inputs in /4 into five subsets Iy, Iy2,..., Iss such that Iy; = {inputs that do
not drive O; } (i = 1,2,...,5). Let |I4;| = k4; (i =1,2,...,5). Without loss of generality,
assume that I, 5 is the smallest subset among the five subsets. Select one input (say 0}) from
each I,; and form the input set I = {61,065, 05,0},05}. Note that only four inputs from I
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appear together in any output as shown below,

Op 1 ceeenn 6, 0,0,0,......
Oy 1 wevnns ’5 g; 95 9; ,,,,,,
Oz 11 ceeres 0,0, 0,0 ---...
Oq 52 vooves 0, 0, 0,0,
Os 1 ceern 0, 0,0,0 -

The inputs in I completely occupy four columns in the cone dependencies. Consider a
four dimensional subspace spanned by the four elements {z*e, gks+1, gke+2 gks+3} of B, We
shall assign the five residues {as, ahst1, ghst2 phst3 ghs 4 ghetl 4 ket 4 k431 £ the
five inputs in I. Since only any four inputs from I appear together in any output, this
assignment ensures proper residues to all inputs in I. This process is repeated until all
inputs are selected from Iy 5. Thus 5k, 5 inputs in Iy are assigned proper residues from the

subspace spanned by 4k, 5 elements of B.

The remaining (ks — 5kys) inputs in Iy need to be assigned proper residues from the
subspace spanned by the remaining (k— ks —4k4 ) elementsin B. Since none of the remaining
inputs in Iy belong to Iy5, all of them drive Os. Also all ks inputs in I5 and 4kss inputs
in I drive Os. Hence the total number of inputs driving Os must be greater than or equal
to (ks + 4kys + kg — 5kas) = (ks + kq — ka5). Since the maximum cone size for the circuit
is k, we have k > ks + ky — ky5 which implies k — ks — 4kq5 > ky — Hkq 5. Hence we have
the number of remaining elements in B is greater than or equal to the number of remaining
inputs in Iy and we can assign each of the remaining elements in B to each of the remaining
inputs in Iy. Thus all inputs in /5 and I can be assigned proper residues from S. Hence the

circuit i1s a MTC circuit. O

Theorem 6 For an (n,m,k) circuit, let p;;, pf and fi; be the circuit parameters (defined
earlier) characterizing the cone dependencies. Let k* be the smallest number satisfying the

following inequality for all inputs 0;, 1 <1 < n.
[2%F=2=K) 4 3 fig{2p ! — [2PiHP =K} < 0¥ (8)
j=1

Then k* independent test signals are sufficient for pseudo-ezhaustive testing of the circuit.

Proof: An (n,m, k) circuit can be pseudo-exhaustively tested by &~ independent test signals
if all inputs can be assigned proper residues from the k*-dimensional space (say S). Inputs
0, through 0, are considered in succession for residue assignment. Let us assume that
inputs 0, through 0;_, have been successfully assigned proper residues and input ; is under

consideration. We shall explore the feasibility of assigning a proper residue for 0; from S.
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Consider an output Oj. in which 6; appears at position pf among the input dependencies.
For this output, 6; appears along with (p; —1) inputs that have been already assigned proper
residues. These (p; — 1) residues span a (p} — 1)-dimensional subspace (say Sj+) and all the
elements in this subspace are prohibited residues for 6;. Consider another output O; with
pij > 0 and hence f;; = 1. For O;, 0; appears along with (p;; — 1) inputs that have been
already assigned proper residues. These residues span a (p; ; — 1)-dimensional space (say S )
and all the elements in this space are prohibited residues for 0;. From Lemma 1, we know
that subspaces S+ and S; have at least [2P{+Pii=2=*¥"] common elements. Hence the number
of prohibited residues for ; due to O;+ and O; is given by

[Si U S5l = 1S + IS] = 185 0 S5
< 220?—1 _|_2P|',_1—1 _ |—2p:+p'.d,_2__k._l

Considering all outputs driven by 6;, the total number of prohibited residues for ; is given
by

U Sl 150+ S £Si] — 150 0 S5

=1ipi ;>0 i=1ij#4
< 2Tt 4 Y fig{oreTt - oritRl iR

=13
= [2%i-2% 4 S fii{2riit - [opi+ris=2-k"]}

i=1

Thus the LHS expression of Equation 4 gives an upper bound on the total number of pro-
hibited residues for ;. As long as this expression is less than 2*°, a proper residue from
S is guaranteed for ¢;. Hence the satisfiability of Equation 4 for all inputs guarantees the
existence of proper residues for all inputs in the space generated by k™ independent test
signals. O

Theorem 8 Algorithm XORBound is of polynomial complexity and determines the tightest

possible bound on the number of test signals that can be achieved using Theorem 6.

Proof: Let I denote the set of circuit inputs. Let k* be the number of test signals considered
during some iteration of the algorithm XORBound. Assume that a subset of inputs (say I
with |I;| = n;) are not assigned indices after the completion of the while loop. This implies
that all the (n —ny) inputs in I — I; have been successfully assigned indices greater than n,.
Let II; denote the partial permutation of circuit inputs in which n; inputs are not assigned
indices and the remaining (n — n;) inputs are assigned indices greater than n;. The while
loop must have terminated after determining that none of the inputs in I; can be assigned
the index n;. We claim that [; is the minimum set under any partial permutation of inputs

and shall prove the claim as follows.
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Let II; denote another partial permutation of circuit inputs that results in the minimum
subset of inputs (say I, with [I2| = ng) such that (1) none of the n, inputs in I, can be
assigned the index n, and satisfy Equation 4 and (2) all of the (n —mn,) inputs in I — I, are
assigned proper indices greater than ny and satisfy Equation 4.

We shall prove that I, = I by contradiction. Let L=IL-(LHn 1) and consider an
input 6; € I!. Input 0, does not satisfy Equation 4 with index n; under IT; but satisfies the
equation with an index greater than n, under II;. Hence for some output (say 0;), the p, ;
value for 6; under II; must be greater than the p;; value under IT,. This is possible only
if there exists another input (say 0,) that appears before 6, among the dependencies for O,
under II; and appears after 0, among the dependencies for O; under II,. This implies (1)
0> € I, under II;; (2) 0 & I, under T, and (3) 0, being assigned an index greater than
that of 6, under II,. Repeating the argument for 6, € I leads to a third input 03 € I] and
03 being assigned an index greater than that of ¢, under II,. The argument can thus be
repeated for all inputs in I{. The argument fails for the last input in I since there are no
more inputs left in Ii. This is a contradiction. Hence there exists no 4, ¢ I and I; C I,.
Since I is the minimum set by definition, I; = I,.

Thus algorithm XORBound determines the minimum set of inputs that cannot be
assigned indices and iterates with an increment to the number of test signals. Thus the
algorithm determines the tightest possible bound on the number of test signals that can be
achieved using Theorem 6. O

Theorem 10 For an (n,m, k) circuit, let Pij and f;; be the circuit parameters (defined
earlier) characterizing the cone dependencies. Let k* be the smallest number satisfying the
Jollowing inequality

f i i X fi (2P - 1) < B2 —1) = 2K —1 (9)

i=

Ii.
ton
.

Then a simple LFSR/SR based on a degree k* primitive polynomial is sufficient for pseudo-

exhaustive testing of the circuit.

Proof: (The following is an extension of the arguments presented in [5]). Let us consider
output O; and determine an upper bound on the number of inapplicable primitive polyno-
mials of degree &* for this output. Let the input dependencies of O; contain input 6; in
pi,jth position. Let inputs 0;,,0;,,. .. »0i,, ._, appear in positions 1 through (p;; — 1) respec-
tively for this output. An applicable primitive polynomial P(z) of degree k* should ensure
that the residues {z"* mod P(z), 22 mod P(z), ..., 273" mod P(z), 2* mod P('L])} are
linearly independent. In other words, each polynomial @(z) of the form 2t + Yo aga'd
(where ag = 0 or 1 and not all of them are zeros) must not be divisible .by P(x). .Th.er.e s
(2”"1'1 — 1), wach polynomials Q(z) of degree i. Each one of the polynomials Q(z) is divisible
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by no more than i/k* distinct primitive polynomials of degree k*. Therefore an upper bound
on the number of inapplicable primitive polynomials of degree k™ that may assign linearly
dependent residues to some inputs in the set {6;,,0;,, ... 03, 1, 0:} driving O; is given by
the expression E;; = (i/k*)(27+~! — 1). Summing up E;; for all values of ¢ > k* yields
an upper bound on the number of inapplicable primitive polynomials of degree k* for 0;.
There is no need to consider any Q(z) polynomial of degree less than &* since the primitive
polynomial P(z) is of degree k*. The boolean variable f;; ensures that only those inputs

that drive O; are considered.

Again summing up for all values of j yields an upper bound on the total number of in-
applicable primitive polynomials of degree k* for all circuit outputs. This double summation
is given by the LHS expression of Equation 5.

Theorem 9 states that the total number of primitive polynomials of degree k* is given
by ®(2*" — 1)/k*. To ensure that the total number of inapplicable primitive polynomials of

degree k™ is less than the total number of primitive polynomials of degree k*, we must have

=

z/k* X fij(2P971 1) < ®(2F —1)/k*

mn

ix fij(P91=1) <« 92F =1)=2¢ =1

Ll'i MS LLM:ﬁ

1i=k*

Thus the satisfiability of Equation 5 guarantees a primitive polynomial of degree k* applicable
to all outputs. =)
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