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I. INTRODUCTION

In team decision problems, there are multiple decision-makers/team members, each controlling different
actions or decision variables and having access to different information. However, there is a single common
goal or cost function for all members. A team decision problem is referred to as static if the information
available to each member is independent of the actions of other members. For static team problems
with Gaussian random variables, linear observations and quadratic, strictly convex cost functions, it has
been shown that there exists a unique optimal decision strategy and that the optimal strategy is a linear
function of the members’ information [1], [2], [3]. In this report, instead of assuming that the quadratic
cost function is strictly convex, we assume that it is only convex. Hence, the results of [1], [2], [3] cannot
be directly applied here.

We show that for static team problems with Gaussian random variables, linear observations and quadratic,
convex cost functions, linear decision strategies are optimal if a certain linear system of equations has a

solution.

II. NOTATION

Uppercase letters denote random variables/vectors and their corresponding realizations are represented
by lowercase letters. Uppercase letters are also used to denote matrices. Almost sure equality between
random variables X and Y is denoted by X =" Y. E[-] denotes the expectation of a random variable. For
collection of functions g, E?[-] denotes that the expectation depends on the choice of functions in g. When
random variable X is normally distributed with mean z and variance ¥, it is shown as X ~ N (u, X).

For a sequence of column vectors X, Y, Z, ..., the notation vec(X,Y, Z, ...) denotes vector [XT, YT, ZT . ]T.
Furthermore, the vector vec(X7, Xo, ..., X;) is denoted by X;,. The transpose, Moore-Penrose pseudo-
inverse, and trace of matrix A are denoted by AT, AT, and tr(A), respectively. I,, denotes a n x n identity
matrix. We omit the subscripts when dimensions can be inferred from context.

A matrix can be partitioned as A = |:A;[,1 Al, o A’T"’”}T and A = [ACJ Aco ... A.,| where
the dimensions of A,; and A.; are inferred from the context. Furthermore, the vectorization of a m x n



matrix A is denoted by A, and is formed by stacking all the columns of A into a column vector, that is,

if A= [Ac’l Aco ... A.n| where each A ; is an m x 1 matrix, then,
Ac,l
Aco
A, =17
ACTL

If Ais an m x n matrix and B is a p X ¢ matrix, then the Kronecker product A ® B is a mp X ngq
block matrix formed as follows,

al,lB (ZLQB s almB

agle a272B e a27nB
A®B = : : :

amle amygB s amynB

where qa; ; is the entry in the ¢-th row and j-th column of matrix A. For two matrices A and B with the
same dimension m X n, the Hadamard product A ® B is a matrix of the same dimension and is defined

as,
G1,1bl,1 a1,2b1,2 T afl,nbl,n
a2,1b2,1 a2,252,2 s az,nb2,n
A®B= _
am,lbm,l am,me,Q e 6Lm,nbm,n

where a; ; and b; ; are the entry in the i-th row and j-th column of matrices A and B, respectively.
If set A is subset of set B, it is denoted by A C B.

III. TEAM MODEL

Consider a team composed of n members denoted by M = {1,2,...,n}. Let = € R% be a random
vector that represents all the uncertainties of the external world which are not controlled by any of the
team members. = is a Gaussian random vector: = ~ A(0,X), where ¥ is a positive definite matrix. The
probability distribution of = is assumed to be known to all members. The information available to member

i is denoted by Z' € R% which is a known linear function of =:
Z'=H'Z Vie M (1)

where H' is a d.; x d¢ matrix and is known to all members. Clearly, Z* ~ N (0, H'SH'T). We assume
that H'X H'T is positive definite.

Member i chooses control action U’ € R%: as a function of Z, that is, U = ~v*(Z%) where ~' is the
control strategy of member :. We define the class of admissible control strategies for member ¢, denoted
by I'%, as the set of all Borel measurable functions v* : R%¢ — R% which have finite second moments,
that is, E[y"(Z))Ty*(Z")] < oco. The collection v = (y},7%,...,79") where y e T =T!' x I x ... x I



is called the control strategy of the team (or team strategy). The cost function C'(Z,U) is a quadratic
function of = and U = vec(U',U?,...,U"):

CEU)=(M=Z+NU)(M=Z+ NU)=UTRU +2UTS=Z + =TQ= (2)
where R = NTN, S = NTM, and () = MTM. The dimensions of N and M are dg x Z?:l d,: and
ds X dg¢ respectively. The performance of the control strategy -« is measured by the expected cost

J(v) =E7[CE V)], 3)
The optimization problem we consider is defined as follows.

Problem 1. For the static team problem described above, find team control strategy -y that minimizes the
expected cost given by (3).

If R is positive definite, it has been shown that there exists a unique optimal decision strategy and that
the optimal strategy is a linear function of the members’ information [1], [2], [3]. In this report, we do

not assume that R is positive definite. Hence, the results of [1], [2], [3] cannot be applied directly.

Remark 1. The cost function is defined in terms of = and the vector of all decisions, U = vec(U',U?, ..., U™).
For the sake of convenience, we will at times write the cost C(Z,U) as C(Z,U",... , U™). When the
meaning is clear from the context, we may also rearrange the decisions in C(Z,U',... U").

IV. OPTIMAL STRATEGIES

For the team problem formulated above, suppose a team strategy < € I' is such that
o J(7) is finite,

o The partial derivatives in (4) are well-defined for all i € M,

« For each i € M and for all realizations z* of Z¢, define

Fa(u') :=E [(J(E, (4 (Z9) }iemvgiy, w') |1 20 = ZZ]

F.i(u") is the conditional expected value of the cost given Z° = 2* if all members j # i use strategy

~7 and member i takes the action ‘. Suppose = satisfies the following equations:

Vi Foi(u') =0, i € M. 4)

ul=ri(2?)

A team strategy satisfying the above three conditions is called stationary [3].

Sufficient Conditions for Optimality of Stationary Strategies: [Theorem 2.6.5 [3]] Consider a static
team problem satisfying the following conditions:

1) The cost function C'(§,u) is convex and continuously differentiable in u for all realizations & of =,

2) J(7) is bounded from below for all v € T,

3) I' is a Hilbert space for each i € M,

4) J(v) < oo forall v €T,



5) For all realizations £ of Zand u = (u',...,u") of U, we define D; (&, u!, ..., u") == V,:C(&u', ... u").

Then, for all v € T,
E[D;(Z,4'(Z"),...,.¥(ZM)|Z"] e I* Vie M. 5)

Then, if v* € I' is a stationary strategy, it is also optimal. [

Lemma 1. Problem 1 satisfies all five aforementioned conditions for optimality of stationary strategies.

Proof. See Section VI. [

V. FINDING A STATIONARY STRATEGY

Lemma 1 implies that if we can find a stationary strategy, then it is guaranteed to be optimal. We
consider linear control strategies of the form v*(Z*) = I1'Z* for all i € M. According to (4), this control
strategy is stationary, if it satisfies the following equations for all realizations 2* of Z?,

v, E [C(E, (10 29} sepavgiy ') | ZF = zi] —0, ie M. 6)

wi—TT% 0
First, note that using (2), we have,
CEAWZ Y jemgy o) = W' TRy’ + 20T Y~ RyIVZI+ Y ZITIPTR,IIFZY 4 2078, =
JeEM\{i} JkeM\{i}
+2 ) ZPVTS, E 4+ ETQE. (7)
JEM\{i}

Then,

E [C(E, (10 29} jepavgiy ') | 2° = zl} = TR +2uT Y RyIVE[Z)|Z = 2

JEM\{i}
+ Y E[ZTTR,IMZNZ = 2]
J,ke M\{i}
+2u'TS,,E[E|Z' =2 +2 Y E[ZTIVTS,E|Z = 2]
jeM\{i}
+E[ETQZE|Z! = 7], (8)

V. E [C(E, IV Z7} jepagay, ') | 27 = zi] = 2RI +2 Y RyIWE[Z/|Z' = 7]
wi=mtizt jeM\{i}

+ 28, E[Z|Z" = 2. )

The vectors =, Z%,i € M, are jointly Gaussian. Consequently,
E[Z|Z" = 2" = Szi2%,l 2" Vj € M\ {i}

E[E|Z" = 2'] = S22l 2" (10)



where,
Yyizi = R[Z1(Z)T) = R[HIZETHT] = HISHT Vj € M\ {i},
Y=y = E[EZT] = E[EETHT] = XH'T. (11)
Considering (9) and the fact that E[Z7|Z' = 2!| and E[Z|Z' = 2| are as calculated in (10), the

conditions of (6) can be simplified as follows,
Rdl'2' + Y RyIVY555,!,.2 + 88225, =0 Vie M. (12)
JEM\{i}

Since (12) should be true for all realization z* of Z%, we get,

> RSzl = =S85, Vi€ M. (13)

VAVA
J=1

We rewrite this result in the following Lemma.

Theorem 1. The linear control strategy v/ (Z7) =1V Z7 for all j € M is team optimal for Problem 1 if
the following equations have a solution for 11, j € M,

> RSz = 8,8z Vi€ M. (14)
j=1
Proof. By multiplying both sides of (13) from right side by > 7::, we can get (14). If (14) has a solution
for IV, j € M, then the strategy 1/(Z7) = TI’Z7, j € M, satisfies the conditions for being a stationary

strategy. Since we have shown that Problem 1 satisfies the sufficient conditions for optimality of stationary
strategies, we can conclude that the strategy vj(Zj )= 727, j € M, is team optimal. O]

Next, we provide an example where the system of equations of (14) has a solution.

Example 1. Consider a team problem with 2 members. The information available to team members is as

follows,
7' — H'E = [1 0}5, 7% — 0= = [1 1}5

where = ~ N (0,I). Hence,

1 1
2521 - [0] 5 2522 - [1] 5 Ezlzl - 1, Zzlz2 - Zz2zl - 1, 22222 = 2

Member i = 1,2, chooses control action U" € R as a function of Z', that is, U' = ~(Z"), where ~'
is the control strategy of member i. The performance of control actions U' and U? is measured by the

following cost function

CEU,U?) = (ME+U' 4202 = ([1 1|2+ U + 202

1 1 1] _
1 1|~

(1]

:[Ul UQ}R u 4+ =T

a| F2|0t UP S
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where R = and S = . Note that R is not positive definite.

According to Theorem 1, the linear control strategy U’ = 1VZ7, j = 1,2, is team optimal if the
following equations have a solution for 11 and 112,

Tt + 211% = —1
oI + 8112 = —4.

By solving the above system of equations, 11* and I1? can be found to be

R

Therefore, the control strategies U' = 0 and U? = —0.5Z% are team optimal.

Hl
H?

Remark 2. The system of equations in (14) can be written as,

N

D (Szi20 ® Ry) (W), = (= Spi8zz)y i=1,2,...,N

j=1
where (I7), denotes the vectorization of the matrix 11V formed by stacking the columns of TV into a
single column vector and @ is the Kronecker product. Let’s define G = ¥y, ® R;;, Y7 = (1), and
W' = (=S,:3=zi)y. Note that GY is a did.i X dyid,; matrix and Y7 and W* are column vectors with
the size of d,;d,; and d,id:, respectively. Then, we have

N
G =W i=12,...N,

Jj=1

which can be written as GY = W, where

Gv ... GW y! Wt

G* ... G¥N Y? w?
G= . . . ) Y = . 5 W =

GV GVN yN e

Note that Y and W are column vectors both with the size of 21]\;1 d,id,i and G is a Zfil dyid,i X
Zfil dyid,i square matrix. All solutions of GY = W (if any exist) are given as Y = GTW + (I — G'G)T,
where T is any arbitrary vector with the same size as vector W and G is the Moore-Penrose pseudo-

inverse of G. A necessary and sufficient condition for any solution(s) to exist is that GGTW = W.

1 2 — =1 _
= 9 W - Snl ZHZ - 1 .
2 8 — S22 =22 —4

In the case of Example 1,

G = Yo @ Ry Ygigze @ Rig

= , Y =
Ez2zl & R21 EZQZQ (059 R22




Since G is invertible, we have

oo | 2 05|
~05 0.25

Furthermore, since GGTW =

-1
] = W, we know the solution(s) exist and are given by,

0
—0.5

Lemma 2. Let an m X m matrix A be partitioned into the m; X m; blocks A" and n x n matrix B into

1

Y = =GW+ (I -G'AT =

H2

which is the same as our previous result.

the ny, X ny blocks B* where >".m; = m, Zj m;=m, y ,ng=mn,and Y, n =n.

1) The ij-th block of Khatri-Rao product of A and B, denoted by A x B, is defined as (A x B)Y =
A" @ BY which is the m;n; X m;n; sized Kronecker product of AY and B" [4]. Then, the following
equalities hold [5]:

a) (AxB)T(AxB)=(ATA)® (B™B)
b) (A B)! = [(ATA) © (B"B)]'(A* B)T
where © denotes the Hadamard product.

2) If A is a symmetric positive definite matrix and B is a symmetric positive semi-definite matrix such
that B** block matrix is positive definite for every k, then the Hadamard product of A and B is
positive definite [1].

Remark 3. Let’s denote the matrix composed of ¥, = H'S(H?)T as its ij-th block by ¥, then
G = Y % R. According to Lemma 2, the Moore-Penrose pseudo-inverse of G can be found as GT =
[(E72) © (RTR)]'(E + R)T.

Remark 4. Note that ¥ is a symmetric positive semi-definite matrix because it can be written as

Hl
_ H?
I Z[Hl H . HN].
HN
Furthermore, we assumed that % = H'S(H)T is positive definite for i = 1,2,..., N. If R is a symmetric
positive definite matrix [2], then according to Lemma 2, (X7X) ® (RTR) is positive definite and invertible.
Furthermore, G is symmetric and according to Lemma 2, GG = G? = (X7%) ® (RTR). Therefore, G*
and consequently G are invertible, that is GG = GG' = I. Then, according to Remark 2, GY = W
has the unique solution of Y = G~'W. In order words, in this, there exists a unique linear stationary

strategy.

V1. PROOF OF LEMMA 1

We verify the five conditions for optimality of stationary strategies below:



1) In the cost function of (2), R is positive semi-definite because for any vector v, vTRv = vTNTNv =
(Nv)T(Nv) > 0. Hence, C(&,u) is convex in w.
It is easy to verify that for all realizations u of U and £ of =, V,C(§, u) exists and is continuous.
2) J(7) is bounded from below for all v € I' because for any realization £ of =,

C(€7" (), 7" (2") = (ME+ Y Nein' (=) (ME+ 30 Newn' () = 0
i—1 i—1
where z' = H'¢ for all i € M. Hence, J(v) = E[C(E,7"(Z"),...,y"(Z"))] > 0.

3) Note that I can be considered as the space of all Borel measurable functions 7¢ : R%i — R%:,

defined on the probability space {R%i, Z(R%), P}!, which have finite second moments, that is,
E[y/(Z))™7(Z")] < oo. Let ' = vec(v}, 74, ...,7; ) where o} : R% — R for I = 1,2,... d,.
Then, the Borel measurability of v/ for [ = 1,2, ... :Ldui results from the Borel measurability of 7.
Furthermore, if function " has a finite second moment, functions 7/ for [ = 1,2,...,d, have finite
second moments, that is E[(%’(Z’))Q] < 0.
Denote by I'i the space of all Borel measurable functions 7} : R% — R defined on the probability
space {R%i B(R%), P} and with the finite second moments. Then I = [/ I'\. Now consider
the space I'i endowed with the inner product (f;, g;) = E[fi(Z)g/(Z")], associated norm || fi|| =
((f1, fi)¥/2, and metric || f; — || where f;, g; € T. Then, T is a Hilbert space for [ = 1,2,. .., d,
[6]. For f,g € T, let’s define (f,g) := E[f(Z%)Tg(Z")] be a mapping form I'* x I to R. Then,

(f.9) = [f(Z")T (Z")]IE[VGC(J‘H( D fo(Z0), . fa, (27)) T vee(91(2), 92(2), - . 94, (2))]

d

w?

ZszlngZ ZEﬁ Na(ZH) = "{fr ) (15)

=1
Since (f;,¢;) for I =1,2,...,d,: is an inner product, we can easily conclude that (f, ¢) is an inner
product. Hence, I is a vector space equipped with (f, g) = E[f(Z")Tg(Z")] as an inner product and
11l = ({f, f))*/? as the corresponding norm. Furthermore, for f,g € I'", we can define the metric
(distance) of ||f — g||. Therefore, I'* is a pre-Hilbert space.
In order to be a Hilbert space, we need the space I to be complete. That is, we need to show that
every Cauchy sequence in I'* has a limit point that belongs to T'". To show this, let {f"} C I'* be
a Cauchy sequence, that is ||f™ — f"|| — 0 as m,n — oo. This implies that {f"} is a Cauchy
sequence in I} for [ = 1,2,...,d,: because,
d,; d,;
1™ = 0 = = = P = D = A = Ay = I = AP
I=1

=1

and
If™—f" —0as mn—o0o=||f"—f'll >0 as mn—00 VI=1,2,...,d.

'P is the probability measure induced by the Gaussian density of Z°.



4)

Since T is a Hilbert space, the Cauchy sequence {f;'} converges to a limit point f; € T} (that is
If = fill = 0 as n — o00) for I = 1,2,...,dy:. If we define f = vec(fi, fo,..., fa ), then f €T"

because according to (15)
d, i

u

()= (fi i) < o0

=1
Furthermore, {f"} converges to f because

d,i

di
If =P == L =1 =D = f = 1y =D I = AP
=1

=1
and
= fil 20 as n—o0 Vi=1,2,...,dy.

Therefore, I'* is a Hilbert space.
To show that J(v) < oo for all v € I, note that 7 () can be written as follows,

vH(ZY)
T ~ECE ~E[ [ 2y . ]| O]
7"(2”)
+ QE[znl: Y(Z")T7S,.=Z] + E[ZTQ=]. (16)

Lemma 3. Assume X € R" is a random vector and () is a deterministic, symmetric positive semi-
definite n x n matrix. Then, there is a non-negative constant « such that E[X7TQX]| < oE [X TX }

Proof. For any vector z, x7TQx < \,,..x7x, where A, > 0 is the largest eigenvalue of (). Taking

expectation of the above inequality proves the lemma. [

Let’s define v(Z) := vec(y'(Z"),v*(Z?),...,v"(Z")), then the first term of (16) can be written
as E[v(Z)TRv(Z)]. Since R is symmetric positive semi-definite, Lemma 3 implies that for some
a >0,

EN(Z) Ry(2)] < aE [7(2)'7(2)] = a ) BN (Z)7'(2")] < o0, (17)

where the last inequality is true because E[y'(Z")Tv*(Z")] < oo for all 1.
For the second term of (16),

n

E[Y7(2)78,8]| = | S ER(2)78,2)| < 3 (B (2)77(29) " (EI(S..2)'S.2]) "

=1

=S (ER'(Z2)(29)]) * (BIETSI,S,.5]) 2 < o, (18)
=1
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where the first inequality is true because of Cauchy-Schwarz inequality on the Hilbert space of all
Borel measurable functions from R% to R%:, defined on the probability space {R%, K %(R%), P}?,

which have finite second moments. The second inequality is true because according to Lemma 3,

E[ETS],5,.E] < aE[E'E] = aE[tr(Z'Z)] = a Etr(227)] = a tr(E[EET]) = atr(X) < co.
(19)

Similarly,using Lemma 3 and (19), the last term of (16), that is E[=TQ)=], can also be shown to be
finite. Therefore, J(v) < oo for all v € I'.
5) To show that (5) holds, according to (2), for realizations £ and u of = and U, D;(§, u) is as follows,

Di(§u) = 2R +2 ) Riju! +25,,¢. (20)
JEM\{i}

By considering control strategies U’ = ~*(Z") for all i € M,

E[D;(E,4N(Z"Y),...,¥(Z™))|Z"] = 2R7'(Z") + 2 Z R, E[Y(Z7)|Z"] + 25, E[Z]Z]. (1)
JEM\{i}
To show that (21) belongs to I', it suffices to show that each term in the right hand side of (21)
belongs to I (since I' is a Hilbert space). Each of these terms is a mapping from R%i — R%i, to
show that each term belongs to I'!, we need to show that it has a finite second moment.
The first term 2R;;v/(Z°) € T because according to Lemma 3,

E(Z")RL R (Z')] < a B[y (Z')'(Z")] < o0, (22)

where the last inequality is true because ' € I'.
The second term in the right hand side of (21) is a linear combination of terms 2R;; E[7?(Z7)|Z’)
for j € M\ {i} where each term belongs to I'" because,

E|Ely(2))|2) R} Ry Bl (2)2)] < o B |El(29)| 27 Bl (27)| 27
<aE [E[Y(2)7(2)2]] = aE [¥(2))7(2)] < oo, @)

where the first inequality is true because of Lemma 3, the second inequality holds because of
Jensen’s inequality®, and the last inequality is true because 77 € I'/. Furthermore, the first equality
is true because of smoothing property*. Therefore, the second term in the right hand side of (21)
belongs to I".
The last term in the right hand side of (21) also belongs to I'* because,
E|E[22]'S]5.E [E]27]| < oE |E[2]2]E[22])] < o [E[=7E|27]
=aE [Z7Z] = atr(D) < oo, (24)
2P is the probability measure induced by the Gaussian density of Z.
3Jensen’s inequality states: If 1) : R — R is convex and bounded from below, and if X is a random variable defined on the probability
space (2, F, P), then E[¢)(X)|H] > ¥ (E[X|H]) where H is any sub o-algebra of F.

*According to smoothing property: If X is a random variable defined on the probability space (€2, F, P) and if # is any sub o-algebra
of F, then E[X] = E [E[X|H]].



(1]
(2]

(3]

(4]

(5]

(6]

11

where the first and the second inequalities are true because of Lemma 3 and the Jensen'’s inequality,
respectively. Furthermore, the first equality is true because of the smoothing property.
Therefore, (21) belongs to I'.
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