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Abstract

The use of inexpensive devices in large-scale wireless sensor networks is likely to

result in higher rates of temporary or lasting failures for individual nodes. It is impor-

tant for real-time information routing algorithms in this space to provide tolerance to

such failures in an energy-efficient manner.

The conventional solution for robustness is multipath routing: the use of multiple

disjoint or partially disjoint routes to convey information from source to destination.

The basic idea behind multipath routing is fault-tolerance through redundancy. An

alternative approach for fault-tolerance is to minimize the number of failure modes by

reducing the number of intermediate nodes prone to failure. In sensor networks this

can be done with single-path routing algorithms utilizing higher transmission ranges.

In this paper, we analyze the fundamental design tradeoffs for real-time energy-

efficient robust routing in wireless sensor networks. We show through both analytical

and simulation results that using a single path routing scheme with higher transmit

power can be a more energy-efficient solution for robustness to random node failures

than multipath routing, particularly in lightly loaded networks.
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1 Introduction

Wireless sensor networks consisting of large numbers of inexpensive energy-constrained de-

vices are expected to find a wide range of applications from vehicle tracking to habitat

monitoring [1, 2, 3, 4].

In such networks, established information paths may fail at any given time. This may be due

to the harsh, time-varying, wireless channel conditions, or in some situations due to nodes

mobility that can cause the network topology itself to change rapidly. A greater concern in

large scale static sensor networks is the temporary or lasting failure of intermediate nodes.

These node failures can be due to the inherent unreliability of inexpensive components or

due to battery drainage.

It is important for information routing algorithms in this space to provide tolerance to such

failures in an energy-efficient manner. If the application-level requirements are not very strict

and path failures are relatively infrequent, then a reasonable solution to these failures would

be to re-establish a path when the path failure is detected (either through a reactive route-

request flooding scheme, or by local repair mechanisms). However, for real-time applications

in sensor networks (e.g. constant surveillance of a target in the environment), the delay

associated with path-repair mechanisms may not tolerable.

The conventional solution for real-time robustness that has been proposed with several varia-

tions is multipath routing. In multipath routing, multiple disjoint or partially disjoint routes

are used to convey information from source to destination. The basic idea behind multipath

routing is fault-tolerance through redundancy.
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An alternative approach for fault-tolerance is to minimize the number of failure modes by

reducing the number of intermediate nodes prone to failure. In wireless sensor networks this

can be done with single-path routing algorithms utilizing higher transmission ranges.

Both approaches essentially trade energy for increased robustness. In the case of multi-path

routing, the energy is invested in the redundant transmission of information by each node.

In the case of the alternative approach, the energy is invested in increasing the transmission

range of the nodes in the single path. Our goal in this paper is to contrast the two approaches

to real-time routing and determine the conditions under which they provide energy-efficient

robustness to node failures.

The rest of this paper is organized as follows. We discuss the existing literature on robust

routing in section 2. In section 3, we consider a simple scenario involving a network of

five sensor nodes and perform some analytical calculations on the energy and robustness

metrics associated with various routing configurations. The example yields insight into why

single path routing with higher transmit powers can potentially be a more energy-efficient

mechanism for providing robustness. In section 4, we then build a mathematical model to

compare node-disjoint multipath routing with single-path higher radius routing, identifying

the conditions under which the latter is a more energy-efficient mechanism for providing

robustness. We finally turn to more detailed simulations involving 100 sensors, allowing for

braided multipath routing. The experimental setup for these simulations is described in

section 5. The results from these simulations are then presented and discussed in section 6.

We conclude with a brief discussion in section 7.
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2 Related Work

Being a relatively new subject, there has been little prior work on robustness issues in sensor

networks. Some of the early work in the area of distributed sensor networks (not wireless

systems) focuses on reliable routing with arbitrary network topologies [24, 25]. There has

been some work on dealing with faulty measurements: characterizing sensor fault modalities

[26, 27], tolerating faults while performing sensor fusion [28], and tolerating faults while

ensuring sensor coverage [23]. A mechanism for detecting crash faults in wireless sensor

networks is described in [29].

There is, however, considerable literature on multipath routing techniques dating back to

work pertaining to the telephone system where they are used to minimize call blocking.

The solutions for multipath routing in wired networks such as the telephone system and

the Internet have primarily aimed at providing a set of low-cost node-disjoint and spatially-

separated paths between the source and destination [12, 13, 15, 17, 14].

In recent years there has been a focus on multipath routing in mobile ad-hoc networks

(MANETs), where the primary concern is path failure due to mobility. For example, alter-

nate path routing is investigated in [7] as a mechanism for load balancing and protection

against route failure in MANETs. An on-demand multipath routing scheme is proposed in

[8] as a means to reduce query floods. An efficient heuristic scheme for selecting multiple

reliable paths in MANETs is presented in [10]. Split multipath routing (SMR) is an on-

demand protocol proposed and discussed in [20, 19] that builds maximally disjoint routes in

order to provide higher robustness to mobility. Multipath algorithms for wireless networks
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are also proposed and studied in several other papers such as [21, 6].

In the specific context of wireless sensor networks, the Directed Diffusion algorithm [5] is

a routing protocol that allows for multiple alternate paths to be maintained by setting ap-

propriate gradient levels. Partially disjoint multipath routing schemes described as “braided

multipath” schemes for wireless sensor networks are studied in [9]. The energy-robustness

tradeoff is also studied in [9], but with a focus on distinguishing between complete disjoint

multipath routing and the braided multipath scheme. In [22], an interesting credit-based

mesh forwarding scheme is presented that achieves a flexible tradeoff between robustness

and energy by controlling the credit carried by individual messages. The authors in [22] do

not treat the transmission ranges of nodes as a flexible parameter, which is an assumption

in our study.

Our work is distinguished from these related works in that we do not focus on a particular

protocol, but are primarily interested in mathematically analyzing the fundamental design

tradeoffs for real-time energy-efficient robust routing in wireless sensor networks. Our theo-

retical analysis is validated through simulations.

3 Illustration

We begin our exploration of the energy-robustness tradeoffs by considering a simple config-

uration of five sensor nodes. The nodes are placed as seen in figure 1.

Each of the configurations shown in figure 1 represents a possible way to route information
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Figure 1: Illustration of Different Routing Schemes for a Sample Configuration of Five Nodes

from the source S to the receiver D. If we assume that nodes can only communicate with

other nodes within a common radius R, then there is a minimum radius required for each

routing configuration to be possible. This is shown in the second column of Table 1. We

assume that the energy required to transmit on a link is Rα, where the path loss exponent

α is typically between 2 to 5 (for dense networking situations it is closer to 2).

We define an energy metric for each routing scheme H as follows: if the minimum common

transmission radius required for it is RH , and mH transmissions are required, then the

energy cost for the scheme H is considered to be mHRα
H . Note that this metric charges each

transmitting node the same energy cost irrespective of the number of neighbors that are

receiving the information1. The corresponding energy metrics for each scheme are shown in

the third column of table 1. For clarity, the numerical solutions are provided for α = 2 and

1The reader may remark that we not take reception energy costs into account in our metric - we discuss

this issue in greater detail in section 4.
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Scheme Radius RH Cost EH EH (α = 2) EH (α = 4) Robustness ΠH

H1 d 3dα 3d2 3d4 (1− p)2

H2 d 4dα 4d2 4d4 (1− p)(1− p2)

H3 d
√

2 2(d
√

2)α 4d2 8d4 (1− p)

H4 d
√

2 3(d
√

2)α 6d2 12d4 (1− p)

H5 d
√

2 4(d
√

2)α 8d2 16d4 (1− p)

H6 d
√

2(1 + 1/
√

2) 3(d
√

2(1 + 1/
√

2))α 10.2d2 35.0d4 (1− p2)

H7 d
√

2(1 + 1/
√

2) 4(d
√

2(1 + 1/
√

2))α 13.7d2 46.6d4 (1− p3)

H8 d(1 +
√

2) (d(1 +
√

2))α 5.2d2 34.0d4 1

Table 1: Energy and Robustness Measures for Alternative Routing Configurations

α = 4 in the adjoining columns.

For studying the effect of robustness to node failures we use the following model: we assume

that each intermediate node (i.e. a node that is not the source or the destination) is liable to

fail independently with probability p, and for simplicity we assume that both the source and

the destination nodes are guaranteed to be working. The robustness metric ΠH corresponding

to the routing scheme H is the probability that a message sent from the source can reach the

sink given these independent failure probabilities. The calculation of this metric is in general

a difficult problem, with no known polynomial algorithm [16]. For the sample configuration,

however, this is easy to solve exactly as there are only three intermediate nodes involved.

The corresponding robustness metrics for each routing scheme can be calculated to the values

shown in the final column of table 1.
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Let us now understand the implication of these calculations. First of all it is clear that if

intermediate nodes are prone to failure then from a pure robustness perspective it is best

to avoid using these nodes entirely. This is why the scheme corresponding to the scheme

H8 is clearly the best strategy as far as robustness is concerned. However, H8 may not be

energy-efficient, as the energy required to increase the transmission radius in order to bypass

all intermediate nodes may be too high.

Since we are concerned with two different objectives: minimizing energy while maximizing

robustness, it is helpful to make use of the notion of Pareto optimality. A routing scheme Hi

is said to dominate a routing scheme Hj if it results in an equal or greater robustness level

with strictly less energy cost or if it results in an equal or lesser energy cost with strictly

higher robustness level, i.e. if ΠHi
>= ΠHj

, EHi
< EHj

, or if EHi
<= EHj

, ΠHi
> ΠHj

.

Routing schemes which are not dominated by others in the set of considered schemes are

said to be Pareto optimal and constitute the Pareto set.

From Table 1, we see that for α = 2, the Pareto set is {H1, H3, H8}. In this particular case,

what is remarkable is that all the Pareto optimal routing strategies are single path routes.

The multipath routing scheme H2 is dominated by H3 which provides greater robustness for

the same energy level, and the multipath routing schemes H4, H5, H6, H7 are dominated by

H8 which provides greater robustness for less energy cost. Since the energy costs depend on

the path loss exponent α, the Pareto set is also dependent on this parameter. For α = 4,

as seen in Table 1, the Pareto optimal routing schemes are {H1, H2, H3, H8}. Here again,

the multipath routing strategies H4 and H5 are dominated by H3 because node B acts as

a bottleneck; the additional energy expenditure for multipath does not yield an increase in

9



robustness in these cases. It is also remarkable that even in this situation the multipath

routing strategies H6 and H7, which offer 2 and 3 node-disjoint paths respectively, result in

higher energy consumption than the high transmit power direct transmission in scheme H8.

This is a simple analytical example with a small number of nodes and arbitrary placements.

Still, it provides an insight into why multipath routing is not always the best solution when

the primary concerns are energy efficiency and robustness to intermediate node failures.

The Pareto optimal sets we examined in the two cases α = 2 and α = 3 contain the three

single-path routing schemes.

4 Mathematical Model and Analysis

We provide a mathematical model for analyzing the robustness and energy of k node-disjoint

multipath routing in this section. The first assumption we make is that all k node-disjoint

paths contain the same number of nodes nk. Let D be the distance between the sink and

source. We assume that the communication radius Rk used is such that

nk =
D

Rk

(1)

Further, we assume that a single transmission costs Rα in energy.

4.1 Energy Costs

There are a total of knk + 1 transmissions required to send information from source to sink

in a k node-disjoint path routing scheme. The corresponding total energy cost is therefore
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Figure 2: Normalized Energy Cost with respect to the number of nodes in single-path n1

given as

Etk,Rk
= (knkR

α
k ) (2)

Note that

Et1,R1 = (n1)R
α
1

⇒ Et1,R1 = Dα 1

nα−1
1

(3)

This relationship between the total energy cost and the number of nodes on the single path

is shown in figure 2 for different values of the radio propagation constant α.

We wish to compare the different k path schemes on the basis of the same energy cost. It is

easy to set this up by using the single path scheme as a baseline. We want
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Etk,Rk
= Et1,R1

⇒ knkR
α
k = n1R

α
1

⇒ k
D

Rk

Rα
k =

D

R1

Rα
1

⇒ Rk = k
−1

α−1 R1

⇒ nk = k
1

α−1 n1 (4)

We have not included the cost of reception in our energy analysis thus far. In general, for a

transmission range of R, there are πR2ρ receivers, where ρ is the node density in the network.

Thus there are a greater number of possible receivers when the transmission range is higher.

Let the constant c reflects the relative ratio between the energy cost of a single reception

and a single transmission. We would then have that the total energy cost with reception for

the k path scheme for this first scenario (call this Etr
[1]
k,Rk

) is

Etr
[1]
k,Rk

= (knkR
α
k ) + knkcρπR2

k (5)

However, it is also possible to envision a second scenario in which the additional receivers

could simply shut down if they determine they are not needed for the transmissions. In this

case, the number of receivers expending energy at each step would be independent of Rk,

i.e. we would have

Etr
[2]
k,Rk

= (knkR
α
k ) + knkc = knk(R

α
k + c) (6)

Equations (5) and (6) can be used to examine the impact of reception energy costs, de-

pending on the appropriate scenario. Note that determining nk as a function of n1 with
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these two scenarios is non-trivial, and the analysis becomes significantly less tractable. One

comment we can make is that for scenario 1, the ratio of total reception to total transmission

cost is higher when k is small, whereas for scenario 2, the ratio of total reception to total

transmission cost is higher when k is large. If we ignore reception costs, we have a scenario

that is somewhere in between these two extremes, in terms of the gains that can be obtained

by using a single path as opposed to multiple paths. For simplicity of analysis, therefore, we

restrict ourselves to the expression in equation (4), which corresponds to the scenario when

c ≈ 0, i.e. when reception costs are negligible.

4.2 Robustness Metric

Let p be the i.i.d. node failure rate for all intermediate nodes (i.e. nodes other than source

and sink). As a robustness metric, we use the probability that a message gets through from

the source to the sink Πq,k,nk
. We can calculate this probability as follows.

Let q = 1 − p be the node success probability. The probability that any given path fails is

given by 1− qnk . The probability that all paths fail is thus (1− qnk)k. If we wish to ensure

that we are comparing the different schemes on the basis of common energy costs, we have

that

Πq,k,nk
= 1− (1− qnk)k

⇒ Πq,k,nk
= Πq,k,n1 = 1− (1− qn1k

1
α−1

)k (7)

If we are interested in determining which value of k gives us the optimal energy-efficient

robustness, the derivative of the robustness metric with respect to k, i.e.
dΠq,k,n1

dk
is a quantity
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Figure 3: Robustness metric and its derivative with respect to k versus node success rate for

k node-disjoint paths routing schemes (n1 = 10, α = 2)
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of interest. Let’s restrict ourselves to the value of α = 2 for the present. Through a series of

implicit differentiation steps, the following expression can be obtained for this quantity (see

Appendix for the full derivation):

dΠq,k,n1

dk
= −(1− qn1k)k[log(1− qn1k)− (n1kqn1klogq)

1− qn1k
] (8)

Figure 3 shows the robustness metric and its derivative with respect to k (plotted based on

equations (7) and (8) versus node success rate for 1,2,3, and 4 disjoint path routing schemes

with the same energy costs. It can be seen that the zero-crossings of the derivative for

each k happens further and further to the right, and since the derivative is decreasing with

respect to k at these zero-crossings these correspond to maxima in the robustness. When

the success rate q is low, i.e. when the node failure rate is high, single path routing achieves

the maximum robustness. It is only when q increases that the routing schemes with greater

number of paths begin to dominate.

We can now examine the energy-robustness tradeoffs for these schemes by plotting the ro-

bustness metric for a given value of n1 with respect to the corresponding energy cost for

different node success/failure rates. This is shown in figures 4 and 5. In these figures the

point (1,1) represents the 100% robustness that is obtained by the strategy of transmitting

the information directly, without any intermediate hops from the source to the sink. All

points to the right and bottom of this point are dominated by this strategy.

The derivatives of the robustness curves are shown in figures 6 and 7. We can see that the

successive zero crossings for the different derivatives correspond to the region in which the

dominant routing strategy changes from a lower number of paths to a higher.
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Figure 4: Robustness metric versus normalized energy cost for k node-disjoint paths routing

schemes for 5 % node failure rate (q = 0.95, α = 2)

Figure 5: Robustness metric versus normalized energy cost for k node-disjoint paths routing

schemes for 20 % node failure rate (q = 0.80, α = 2)
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Figure 6: Derivative of robustness metric with respect to k versus normalized energy cost

for k node-disjoint paths routing schemes for 5 % node failure rate (q = 0.95, α = 2)

Figure 7: Derivative of robustness metric with respect to k versus normalized energy cost

for k node-disjoint paths routing schemes for 20 % node failure rate (q = 0.80, α = 2)
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Figure 8: The normalized gain in robustness for single-path routing with respect to 2-path

routing as a function of energy costs E and node success rates q (α = 2)

It is clear from these figures that when the energy costs are low, particularly for higher node

failure rates, single-path routing can be significantly better than multipath routing. This is

made clearer in figure 8. The z-axis in this figure plots the normalized gain Γ of single-path

routing versus 2-path routing, which is defined as follows:

Γ =
(Πq,1,n1 − Πq,2,n1)

Πq,1,n1

(9)

Figure 8 shows that single path routing can offer significant gains in robustness compared to

multipath routing when a) the energy costs are low (high n1), and b) the node failure rates

are high (low q).

We now turn to simulation results that allow us to investigate multipath routing with braided

paths. We shall find that the results are very similar to multipath routing with node-disjoint
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paths. In both cases, when the energy budget is low and the node failure rates are high,

single-path routing can provide more energy-efficient robustness.

5 Experimental Setup

For the experiments, 100 nodes are placed in a square area with unit sides. We consider

the flow of information from a single source to a single destination. The source is placed

at (0, 0), and the destination sink node is placed at (1, 1). The simulation is repeated 100

times with random placements (2D uniform distribution) for the remaining 98 intermediate

nodes. For each simulation the transmission radius R within which each pair of nodes can

communicate is increased in increments of 0.05 from 0.05 to 1.5.

To test out some different single and multipath routing strategies we chose to simulate the

family of forward-k routing algorithms that work as follows. The sink first floods a query

to all nodes in the network, and the source node responds by routing information in the

reverse direction along the paths followed by the initial query. In the forward-k protocol, the

source sends its information to the first k neighboring nodes that had sent the sink-initiated

query to it. Each intermediate node also forwards this data to its “best” k neighbors. The

forward-1 protocol is essentially a single shortest path routing mechanism. The forward-2 and

forward-3 protocols that we simulate are examples of braided multipath routing protocols.

For comparison we also simulate basic flooding initiated by the source. This is a useful

comparison point because of the following result:
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Proposition: If the transmission radius R for a static wireless network is fixed, the rout-

ing scheme Hflood consisting of flooding information outward from the source results in the

optimum robustness value. In other words, ΠHflood
= max

H
ΠH .

This result holds because the directed graph corresponding to the flooding scheme Hflood

is maximally dense in that each directed edge and each node of the underlying topology is

utilized. This maximizes the robustness to node failures.

6 Simulation Results

As we mentioned before, much of the prior investigation into multipath routing in wireless

networks has focused on providing multiple node-disjoint paths for routing between a source

and a destination node. It is intuitive that a forward-k strategy results in greater number

of node-disjoint paths as k increases. Figure 9 shows how the number of node disjoint paths

varies for the various schemes. It is noteworthy that the flooding is particularly effective as

far as this metric is concerned.

We now turn to our robustness metric ΠH - the probability that the source is able to send

information to the sink in the presence of uniform random node failures. Figures 11 and 12

show how this metric varies with the transmission radius for failure rates of 5% and 20%

respectively. We make two observations from these figures. First, for a given transmission

radius, the single path routing mechanism does indeed provide much lower robustness than

the multipath routing schemes. Second, the three multipath routing mechanisms all provide
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Figure 9: Number of Node Disjoint Source Sink Routes with respect to the Transmission

Radius

Figure 10: Number of Nodes Transmitting with respect to Transmission Radius
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Figure 11: Probability that a route exists with respect to Transmission Radius (5 % failure

rate)

Figure 12: Probability that a route exists with respect to Transmission Radius (20 % failure

rate)
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Figure 13: Probability that a route exists with respect to normalized energy cost (5 % failure

rate)

Figure 14: Probability that a route exists with respect to normalized energy cost (20 %

failure rate)
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nearly the same level of robustness for low failure rates. In essence the additional redundancy

provided by having more than 2 node-disjoint paths results in negligible gains in robustness

for low levels of node failures. At the failure rate of 20% there is slightly greater differentiation

between the different multipath routing schemes but one can again see the law of diminishing

returns at play - flooding provides only negligibly greater robustness than the forward-3

routing protocol.

Thus far we have ignored one critical aspect: the energy expenditure. While the multipath

routing schemes provide greater robustness for a fixed value of the transmission radius, they

do so at the cost of a greater number of transmissions. This can be seen in figure 10.

Flooding requires an order of magnitude higher number of transmissions than even forward-

3, showing that it is clearly not an energy-efficient mechanism for providing robustness to

node failures. This is still far from a clear picture of the energy-robustness tradeoffs. We

have two parameters that we can tune to increase the energy and robustness metrics: one is

the value of k, which in effect changes the routing structure without affecting the underlying

topology. By increasing k, we apply energy in the form of greater number of transmissions

in order to realize robustness gains through multiple paths. The second tunable parameter

is the transmission radius: even if we stick to single path routing, increasing this parameter

increases the robustness to node failures because it decreases the number of hops, leaving

fewer possible failure modes.

Hence we plot the robustness metric with respect to the energy metric EH = mHRα which

incorporates both the transmission radius R as well as the number of transmission mH . This

is shown as scatter plots in figures 13 and 14 for failure rates of 5 and 20 % respectively, for

24



α = 2.

Now we have a dramatically different view. The Pareto optimal points are towards the top

left hand corner of the scatter plot. Towards the left hand side of the plot in figure 13, where

the energy costs are kept low, it is clear that the single path routing mechanism forward-1

provides the best robustness to node failure. While there is a region where the multipath

scheme forward-2 dominates, the remaining schemes are all dominated. It is clear from

the plot that from both energy and robustness perspectives it is better to transmit directly

from the source to sink than to use either forward-3 or flooding, or even forward-2 with

a higher transmission range setting. Figure 14 shows the same behavior for higher failure

rates as well. If there are severe energy constraints, this figure suggests that it is better to

allocate the energy to increasing transmission range, than to transmit along multiple paths.

This validates the insight gleaned from the simple example we explored in section 3 and the

mathematical model developed in section 4.

7 Conclusions

Wireless sensor networks with large numbers of inexpensive individual devices are particu-

larly prone to node failures. In several prior studies multipath routing schemes have been

proposed in order to provide tolerance to such failures. We studied the issue of robustness to

node failures in the particular context of energy-starved sensor networks, and showed that

the robustness obtained from multipath routing can sometimes come at too high a cost.

There are three significant ways in the presented analysis can be improved and extended in
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future work. The first extension would be to consider situations in which there are constraints

on the maximum transmission radius. Real hardware radios, even if they provide tunable

range settings, typically have limitations on how far they can reach at the maximum setting

(i.e. for any single node R ≤ Rmax). This could potentially limit the conditions under a

single-path route can provide superior robustness (as compared with multi-path) to situations

involving tighter energy constraints.

The second extension would be to explicitly incorporate the energy costs of reception into the

analysis. We made some progress in this direction when we presented expressions in equations

(5) and (6) for the total energy costs of k path routing, taking into account reception costs

for two different scenarios. Taking this line of analysis further for scenarios where reception

costs are non-negligible may reveal additional insights into the tradeoff between energy and

robustness.

The third significant extension of our analysis would be to include some measure of through-

put. While we have shown that single path routing with larger transmission radius can

provide a greater robustness for the same energy consumption, this larger radius can also

potentially result in greater interference, thus affecting the throughput within the network.

We believe that this is not a serious concern in lightly loaded networks, but a more thorough

analysis is required to study this.

To summarize, multipath routing is but one mechanism for trading off energy in order to

increase robustness. An alternative is the use of higher transmit powers with a single path (or

at least fewer paths). We showed through the simple example, mathematical analysis and a
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larger set of simulations that, depending on the constraints, using fewer shorter paths may be

a more energy-efficient mechanism for gaining robustness to node failures. Wireless sensor

network designers would therefore be well advised to consider using higher transmission

powers in order to boost robustness, in addition to multipath routing.
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Appendix

In this section we obtain the derivative of the robustness metric (normalized to give the

same energy regardless of the number of paths k) with respect to k. If k was a continuous

quantity, the maximum robustness is obtained at the value k∗ when this derivative is equal

to zero. Since k is restricted to be an integer in our model, the maximum robustness will be

obtained by either rounding up or rounding down k∗. For ease of analysis, we will proceed

under a continuity assumption below, and set the propagation constant α = 2:

To begin, when α = 2, we have from equation (7) in the text that:

Πq,k,nk
= 1− (1− qn1k)k (10)
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Now, let’s introduce a function h(k) such that h(k) = 1− qn1k. It can then be derived that

dh(k)

dk
= −qn1kn1 log q (11)

Now let

x(k) = 1− Πq,k,nk
= h(k)k = (1− qn1k)k (12)

Then,

log x(k) = k log h(k)

⇒ d log x(k)

dk
=

1

x(k)

dx(k)

dk

⇒ dx(k)

dk
= x(k)

d log(x(k))

dk
(13)

Now,

d log(x(k))

dk
= k

d log(h(k))

dk
+ log(h(k))

= k
1

h(k)

dh(k)

dk
+ log(h(k)) (14)

Combining equations (13) and (14), we have that

dx(k)

dk
= x(k)

(
k

1

h(k)

dh(k)

dk
+ log(h(k))

)
(15)

Finally, since x(k) = 1− Πq,k,nk
, we have that

dΠq,k,nk

dk
= −dx(k)

dk
= −x(k)

(
k

1

h(k)

dh(k)

dk
+ log(h(k))

)
= −(1− qn1k)k

(
log(1− qn1k)− (n1kqn1k log q)

1− qn1k

)
(16)
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