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Abstract— As in other large-scale complex systems, in macroscopic properties such as ferromagnetism or
many global properties of interest in multihop wire-  superconductivity. Recent work has shown that anal-
less networks undergo phase transitions as the l0- ogous critical thresholds occur for various properties
cal interaction parameter — the common ransmis- ' |3rge scale multi-hop wireless networks [1], [2],
sion range of nodes — exceeds a critical value. It is [17], [18]. In this paper we study phase transitions

now well-established in the literature that there ex- . .
ists such a critical range for network connectivity. We in the context of channelized wireless networks.

show that critical transmission range thresholds are
also associated with conflict free channel allocation in AN €xcellent tool to help us understand threshold ef-

wireless networks. When the common communica- fects in networks is the mathematical theory of ran-
tion radius of nodes exceeds this value, the probabil- dom graphs [12]. We first review the rudiments of
ity that & channels suffice drops sharply from nearly this theory, and make the connection to our domain
one to nearly zero. The analysis of these phase tran- by describing a random graph model that is suitable

sitions provides useful lessons about energy-efficientfOr modelling multi-hop wireless networks in section
and bandwidth-efficient operating points as well as

feasible regions for such networks. Other results pre-

sented in this paper include a polynomial algorithm .
for one-dimensional conflict-free channel allocation The most well-known example is that of network

(which is an NP-hard problem in the general case), connectivity, which we discuss in more detail in sec-
and an analysis of maximum throughput in channel- tion lll. There exists a critical range of radio trans-
ized wireless networks. mission for all nodes beyond which the multi-hop
network is likely to be connected with high proba-
bility (nearly one) and below which the network is
likely to be connected with low probability (nearly

I. INTRODUCTION
Zero).

In large-scale complex systems consisting of maryyr main findings are presented in section IV where
component “particles,”itis known that global effectgye focus our attention on the problem of channel
can emerge abruptly at a critical level of interactiongjigcation in wireless networks, also known as the

between these components [11]. In physical Sygroadcast scheduling problem. While channel allo-
tems, for example, there are abrupt phase transitions



cation is in general an NP-hard problem, we develgpaph model These models contain a tuning param-
a polynomial time algorithm for one-dimensionakter which varies the average graph density. The
(1D) networks. We show that there are critical trarmost widely used model is the Bernoulli random
sition thresholds associated with channel allocatiograph:

The probability that a conflict-free allocation is pos-

sible with & channels drops rapidly from nearly onddernoulli random graphG(n,p): givenn, andp,

to nearly zero at a threshold value of the transmissiéRnstruci with n vertices such that there is an edge
range. The threshold range increases monotonicad§tween any two pairs of nodes with probability
with k. We will show that analysis of this phase tranWWhenp = 0, the resulting random graph has no
sition is helpful in determining the feasible operatedges, while whep = 1, we always get the com-
ing conditions for the network and the average maklete graphi’,. As the parametep increases from
imum throughput that can be obtained with a chaf-to 1, the average density of the random graphs in-
nelized network. creases (see figure 1 (a)).

Exact analytical expressions for the critical transilhere is considerable literature on the properties of
tion point are hard to obtain for the general chabese random graph models [12]. These models are
nel allocation problem. In section V, we study hov@enerally tractable to analysis because they show
throughput scales with the number of nodes in chafrong independence properties. In the Bernoulli
nelized wireless networks and provide an analysis Bfodel, for example, the probabilities of any two dif-
the threshold transmission range for a closely relaté@ent edges being part of a generated graph are in-
property called max-k-neighbor, which is the propdependent of each other.

erty that no node in the network has more than

neighbors. The critical threshold for this property

is identical to conflict-free channel allocation in 103- Phase Transitions in Random Graphs

networks, and represents a good bound for 2D net-
works. To quote Bollolas : “one of the main aims of the

theory of random graphs is to determine when a
Finally, we conclude with a discussion of the impligiven [graph] property is likely to appear... B«
cations of our findings and future directions in se@and Renyi were the first to show that most monotone
tion VI. properties appear rather suddenly.” [12].

In 1996, Friedgut and Kalai proved an extremely
strong result: they showed that in famterymono-
tone graph property undergoes a sharp transition on

Phase-transition behavior has been known to ma%(_arnoulh random graphs [14]. Let,(A) be the

ematicians for several decades in the form of “zerE—rObab'“ty that a monotone propeny s satisfied

one” laws in random graphs [12], [13]. These IaWFyG(n’p)’ andey a universal constant, then the fol-

show that the probability that a randomly gen(—:‘rateaWlng s their result

graph exhibits certain monotone properties asymppaorem 1:1f 1i,(A) > ¢, thenpug(A) > 1 — e for
totically transitions sharply from zero to one at somg, q>p+ cllog(l/ze)/log(n) K
critical average density.

Il. THEORY OFRANDOM GRAPHS

Proof: See [14]. O

A. Random Graph Models with Independence
C. Random Graphs in Wireless Networks
A random graph G is a graph that is generated by
some prescribed random experiment. The descri¥e now describe a random graph model that is use-
tion of the random experiment constituteaadom ful in studying multi-hop wireless networks — the
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Fig. 1. Random graphs generated by (a) the Bernoulli model and (b) the fixed radius model

fixed radius model: models. The density parameterin the Bernoulli
random graph is analogous to the param@&téar the
Fixed radius random graph:Consider an ad-hoc fixed radius model. While there hasn't been much
wireless network witm nodes, located randomly inwork in this direction to our knowledge, we believe
a square area of unit size, each of which is assumigghay be possible to extend results from the litera-
to transmit with a fixed radio power in an idealizeyre on Bernoulli random graphs to the fixed radius
environment. Two nodes can communicate directpandom graphs that are of interest to us in the con-
with each other if and only if they are no more thagext of wireless ad-hoc networks. In particular, we
a distancel? apart. We can now talk about the unformulate the following conjecture as a challenging

derlying communication grap&(n, R) in this fixed open problem with great importance to the area of
radius model. Let each node in the network correyireless networks:

spond to a unique vertex i@(n, R), with an edge

between a pair of vertices if the corresponding nod€onjecture: ALL monotone graph properties un-
can communicate with each other at a particular ialergo sharp phase transitions in the fixed-radius ran-
stant. Figure 1 (b) illustrates sample random grapddem graphsG(n, R) in the following sense. Let
generated according to this model. As the parametel(R) be the probability thatG(n, R) has the

R increases fromd to v/2, the average density of theproperty A, and R., Ri_., R. be radii such that
random graphs increases. uA(Re) = €, ua(Ri—c) = 1 — €, ua(R.) = 0.5;

o thenlim,, %7_3’6' =0.

It is important to note that a random graph gener- ¢
ated using the fixed radius model has some differ-

ent characteristics than the Bernoulli random graph. 1. CONNECTIVITY

Consider three nodes j, and k. In the fixed ra-
(jlus model,.“the event th.at there are links betweety, important global property for a multi-hop wire-
iandj and;j andk is not independent of the evenfegs network is connectivity - does there exist a

that there is a link betweenandk ... as the former o jii-hop path bteween every pair of nodes in the
is true given the latter only if lies in the intersec- natwork?

tion of two discs of radiusR] centered at andk”
[1]. Still, there are clear similarities between the twGupta and Kumar show in [1] that i nodes are



somewhat laborious, involving techniques from con-
tinuous percolation theory [15]. To facilitate an un-
derstanding of the underlying behavior, we can con-
sider a simpler 1-dimensional model which yields an
analogous result. Let the nodes be distributed with a
Poisson arrival rate. on R*, with the first node at
the origin. We may ask the question “what is the
probability P,,(R) that the first» nodes form a con-
nected network if nodes within a rang&can com-
municate with each other?” This is equivalent to the
i ‘ ‘ probability that the firstx — 1 inter-node distances
0z O e R 8 ! (which are exponential distributed and hence satisfy

the memoryless property) are less thHan
Fig. 2. Phase transitions for network connectivity in 2D fixed-
radius model
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placed uniformly and independently in a disc of unit
area inR?, and each node transmits at a power
level so as to cover an area of?? = (log(n) +

c¢(n))/n, then the network is connected with prob-
ability asymptotically tending to one if and only ifWe verify below that asymptotically whe® =

¢(n) — oo. Xue and Kumar show in [2] thatfor  , — (129(n)) 'p is a non-zero constant. In other

nodes placed uniformly iid in a unit square, the nefy, 45 i is the threshold value for connectivity in
work is connected with high probability when eactghis simplified model:

node is connected 1©(log(n)) neighbors.

1
1 — e*)\R)(nfl) (1)

I
~—~ .

There is, in fact, a phase transition that takes place

arounq this critical transmission power Ievgl. This lim P, (log(n)> — lim (1— eflog(n))nfl
behavior can be seen in figure 2 which depicts sims—o A n—00

ulated results from the 2D fixed-radius model. The 1\ (1)
plot on the left shows curves for the probability that = nh_{{)lo <1 - n)

the network is connected, as the communication ra- _ 1 @)

diusRis increased. The probabilities are determined
in a frequentist manner, each point evaluated by test-
ing 100 random graphs. It is desirable to minimizglote that the condition R. = log(n) is a condition
the energy consumption of the wireless nodes, butiif which each node hakg(n) “neighbors” to its
the node transmission powers are decreased beldyht, hence2log(n) neighbors on average. This is
the critical level, there is a precipitous drop in th@analogous to the condition for the threshold function
probability that the network is connected. Hencelerived for the 2-dimensional case in [1]. The curves
from a power-conservation perspective, the point jusbtained by plotting equation (1) with respectio

to the right of the phase transition region is the ide&br a fixedn also show the characteristic phase tran-
operating point for the system. sition behavior seen in figure 2, becoming sharper

with nl.

S.anCheZEt.aI' showed in [16] that this Criti(.:al transi- ! One difference that should be noted between this 1-D model
tlon'behawor fo.r _ConneCt'VIty is robust with I’eSpeC&nd the 2-D results depicted in figure 2 is that in this simple 1-
to different mobility models. D model, since we have not restricted the spatial extent within

_ _ which to place all the nodes, the critical radiRsincreases with
The proofs given for the result in [1] and [2] aren.



Empirical results in [17] and [18] suggest that phasgoal of conflict-free channel allocation is to provide
transitions occur not only for basic connectivitgime/frequency channels to each node in such a way
but for many other global properties in wirelesshat no nodes within two hops of each other share the
networks: k-connectivity, partition into trianglessame channelThis problem is also referred to in the
Hamiltonian cycles, and reachability with floodingliterature as broadcast scheduling and is known to
It is shown in [18] that for constraint satisfactiorbe NP-complete [7]. The two-hop constraint in this
problems associated with such properties, the phgseblem ensures that there is no hidden-node termi-
transition region also corresponds to a peak in averal condition, whereby some node experiences col-
age computational complexity. liding transmissions on the same channel from two

separate neighbors.
We now focus on the problem of channel allocation.
Figure 3 illustrates conflict-free channel allocation
in example 1D and 2D networks consisting of eight
nodes each. The edges between nodes represent
communication links (which are also interference
. - . Eachn is labelled with a number corre-
Network connectivity is a property that is satlsflegdges? ac odg s labelled VIth a nu be corre
, N : Sponding to the logical channel it has been assigned.
when the network’s communication graph is suffi- . P
. o : .All two-hop constraints are satisfied in both exam-
ciently dense. However, while increasing transmis-
sion ranges provides gains in connectivity, it has'&
negative effect as well — the corresponding increase
in interference. As we show in this section, there ai’® One Dimensional Networks

critical thresholds of interference beyond which it is

nearly impossible to allocate a fixed number of chaxs stated above, the general channel allocation prob-
nels to nodes in a wireless network. Phase trangim is NP-hard. However it turns out that for 1D net-
tion analysis of channel allocation reveals the trad@rorks, it is possible to allocate channels with 2-hop
off between connectivity and interference, and tellgonstraints in polynomial time. 1D networks are not
us about the maximum possible throughput in multy trivial application since they are likely to occur in
hop wireless networks. street-like environments and linearly-deployed sen-

. . . . __sor networks. To the best of our knowledge this is a
While most work in medium access for mUIt"hOFheW result:

networks has been devoted to random access proto-

cols, there is sufficient motivation for studying andrheorem 2:For a fixed radius communication graph
developing channelized medium access schemggnerated fromm nodes placed on a 1D line seg-

Random access protocols for use multi-hop wireleggent, the channel allocation problem can be solved
networks (e.g. ALOHA [3] and Busy Tone Multiplein polynomial time.

Access (BTMA) [4]) are useful for applications with

bursty traffic conditions. Channelized access tecRyoof: We sketch a constructive proof here. Fora 1D
niques (such as those presented in [5], [7], [8] aretwork, the following greedy algorithm provides a
better suited for non-bursty, heavy-load traffic corminimal 2-hop coloring in linear time. Le&t; be the
ditions. In a typical channelized medium access preet of colors used up to thi& node, labelled in order
tocol, the available bandwidth is divided into mul-,2.... Starting with the left-most node, consider
tiple logical channels defined on the basis of diffeeach node in order. First color node 1 with the color
ing time slots or frequency slots. Transmit powet. When considering node first examine the set of
is limited so that a given logical channel can be sdistinct colorsL; of all its neighbors to the left, and
multaneously used by several nodes in the networiusing any available colors fro@; \ L; first, color
that are far enough apart to not interfere with eadll its neighbors to the right using colors in increas-
other. Given a network graph showing the communing order by number, introducing additional new col-
cation (and interference) pattern between nottes, ors if necessary. Now repeat this process in going

IV. CHANNEL ALLOCATION



Fig. 3. lllustration of (a) 1D and (b) 2D wireless network models; nodes are labelled with sample conflict-free allocations of
channels

from nodei toi + 1. Oncei = n, the algorithm ter- (i.e. when more bandwidth is added). The figure
minates. This is a sequential greedy algorithm, aradso shows the connectivity threshold for this net-
since at each step this algorithm makes the best pagrk size ¢ = 100). Clearly only those values
sible decision, using no more colors than necessaoy, k which result in phase transitions to the right
it results in the optimal answer upon termination. of the connectivity threshold are feasible operating
conditions for the network. If too few channels are
This algorithm terminates iQ(n) time, and it is ayajlable then all the constraints cannot be satisfied
easy to see that the number of colors required by thigd there is a possibility of collisions between nodes
algorithm is exactly equal td\; + 1, whereA; is \yhen they transmit information.
the maximum number of one-hop neighbors of any
of the nodes in the network. OO Figure 5 shows how the average number of channels
required varies with the communication radius.

In the 1D model we place: nodes randomly, in- If £ channels are required and the available aggre-

dependently with uniform distribution in a line seg- ate bandwidth i$1. then each node can achieve a
ment of unit length. Figure 4 shows the phase traﬁ1 ’

-, . ) . roughput of%. Hence the entire network would
sitions in channel allocation that occur in the 1[})1 _
. . .~ have a throughput of:
fixed-radius model as we vary the communication
rangeR within which nodes can communicate. Each
curve corresponds to a constant number of channels Wn Wn
k. As the communication range is increased beyond T = T
the critical threshold, the probability that this num-

ber of channels is sufficient for allocation Withoutrhis also gives us a way to define the maximum

violating any constralnts_drops sharply from nearl roughput of the network — if the average number
one to nearly zero. This happens because as

. L. hannels required just to the right of €% con-
transmission range is increased, the number of edg%:btivity threshold is..... then
mins

in the network graph increases and the problem be-
comes over-constrained. The critical point occurs
whenA; + 1 > k. Asis to be expected, the phase Wn
transition curve moves to the right &ss increased Trmaz = A

3)

(4)

man



This expected throughput of a channelized 1D net-
work with 100 nodes is plotted in figure 6. In this

1 :
figure the throughput is normalized by the aggre-  os} \[ e
gate bandwidth (i.e. it show&/W). This normal- éo.a— /gi‘;?nem kce
ized throughput is sometimes referred to as the reus o7 | i /] ™" —— k=99
ratio and represents how much spatial reuse is be go.ar
ing obtained. The transmission range at which the <os;
throughput curve intersects the connectivity thresh %O-*
old corresponds t@,,,./W and is thus the operat- %0-3*
ing point where throughput is maximized. For a 1D 2oz
model with 100 nodes, the value of this normalized  °
throughput is between 3 and 4, indicating that the % 0% 04 06 o8

Communication Radius R

available spectrum can be reused (on average) bc
_tween 3to4 t|me§ at r_nOSt’ if net_v_vork ConneC'“V't)l':ig. 4. Phase transitions for channel allocation in 1D model (n
is to be ensured with high probability. = 100)

B. Two Dimensional Networks 100

90} 99%

~ Connectivity

80 /,/ Threshold
L

For the 2D fixed radius model the above algorithm
does not hold and the problem is still NP-complete.
We generated experimental results using a generi
graph coloring solver (DSATUR with backtracking,
maximum branching factor setting of 5 [9]) on ran-
dom networks with = 30 for various values of the
communication radius. These are shown in figure 7
Just as in the 1D networks, we see that the probabil 101
ity that &£ channels suffice to provide a conflict-free % 02 07 o5 o3 .
channel allocation transitions from one to zero at ¢ communicaton Radus &
critical threshold. As the bandwidth is increased Ei . .

. L . . . ig. 5. Average number of channels required for conflict-free
this transition profile shifts to the right as well, Supzjiocation in 1D model
porting greater interference within the network.

70

60

50

401

301

20

Average Number of Channels Required

Let A, be the maximum number of 2-hop neighbors
that any node has in an arbitrary graph. We know
that the minimum number of channels requifkefdr

a 2-hop coloring must satisfy the following bounds
[10]:

99% —— Throughput
_ Connectivity

" Threshold

Operating Point
_with Maximum

[ ¢ Throughput
2 L

These bounds are shown for the 2D fixed radius 0] 53 o os o .
model, along with the average channels required b Communication Radius R

the computed solution, in figure 8 (averaged over
100 runs). One remarkable observation is that the@f%’1

average results are extremely close to the lower

A+1<k<Ar+1 (5)

Average Normalized Throughput

6. Average normalized network-wide throughput (T/W)
channelization in 1D model
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Fig. 9.
with channelization in 2D model

bound, showing that the number of channels required
for channel allocation is with high probability very
close toA; + 1 one more than the maximum degree
in the network.

The bounds on the overall network throughput T on
this case, are:

Wn Wn
<T<
NAo+1 77 7 A1 +1

(6)

Figure 9 shows these bounds and the correspond-
ng experimental average throughgtt/1), along
with the 99% connectivity threshold which defines
the maximum throughput operating point. For the
2D model with 30 nodes, the average number of
channels required at the connectivity threshold is
about 25, yielding a maximum normalized through-
put of about 1.25. This normalized network-wide
throughput increases with the size of the network, as
we shall see next.

V. ANALYSIS

We can do a first-order analysis of how the maxi-
mum throughput increases with the number of nodes
in a channelized network. We know from [2] that
asymptotically a network is connected when each
node ha®d(log(n)) neighbors. We now know that
the maximum throughput is obtained at the range
where the network is just connected. Thus the min-
imum number of channels requirég,;, > A; +

1 = Q(log(n)). Hence the normalized maximum
throughput for a channelized network increases with
n as O(%). On a per-node basis, however, it
decreases a9(;;.y). This is in keeping with re-
cent results in the literature ([20], [21], [22]) show-
ing that the capacity of nodes in a wireless network
tends asymptotically to zero

%In [20], capacity is measured in bits/meter-seconds. If we
organize all nodes into nearest-neighbor sender-receiver pairs,

Average normalized network-wide throughput (T/wjhe average sender-receiver distance decreases dsence the

corresponding capacity for a channelized wireless network de-
creases with respect masO(m).
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It is difficult to obtain exact analytical expressions

for the critical radius at which the conflict freeing edge-effects (by making the boundaries of the
channel-allocation can be performed, in general. Weit area overlap), we wish to determine the proba-
will instead provide an analysis of the closely relategllity that at mostk of thesen — 1 nodes are located
propertymax-k-neighbarthe property that no nodewithin distanceR of the fixed node Pr( A¢) is there-
has more thak one-hop neighbors, i..e that; < k. fore given by the following expression:

For the 1D case, as we have shown above, this is

identical to the probability that+ 1 channels suffice

for channel allocation. For the 2D case, this property

provides a fairly good bound, as seen in figure 8. Pr(A) = Z (n - 1) (TR2(1 — 7RI (8)

We first present empirical results to show the phase g=0

transition that occurs in max-k-neighbor for the 2D
fixed-radius random graph model in figure 10. Thghe bounds in expression 7 are illustrated in figure
figure shows the probability of this property for varq 1 forn = 30 nodes, and: = 10.
iousk, based on simulations involving = 30.

Theorem 3:The property that all nodes have at most
We now turn to analytical results for max-k-i neighbors undergoes a zero-one transition asymp-

neighbor. LetA; be the event that thé" node has totically at the transmission radiug. =  /(—-£—)

at mostk neighbors. The max-k-neighbor property m(n=1)

that all nodes have at moktneighbors is therefore _ ,
Proof: Let R = R, = | /(;-yy), at which setting

the event{ (| A;}. The following are simple upper
{ﬂ i) J ble tbp the expected number of neighbors for iHenode is

and lower bounds on the probability of this event: . | et A/, be the actual number of neighbors of the
i*" node when there ane nodes in the area, then by
the weak law of large numbers [19], for aay- 0:

Pr(A;) > Pr(ﬂ A;) > max(1 —nPr(A5),0) (7)
=1
lim Pr(|M, —k| <e)=1 9)
We proceed to determingr(4;). In the case of the el
2D model, once we fix the location of thi& node,
the other(n — 1) nodes are located independentlifhe number of neighbors increases monotonically

with a uniform distribution in the square area. Ignomith the radiusk, hence
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incides with the conflict-free channel allocation of

(k+1) channels.
VR < R, lim Pr(M, <k)=1

)

= nh_)Igo Pr(4;) =
)
)

(10)

V1. DIScusSION ANDCONCLUSIONS
VR > R., lim Pr(M, >k
n—oo

= lim Pr(4;

n—oo

1
=1
=0 (11) We have shown that there exists a critical transmis-

sion range beyond which it is rarely possible to al-
o _ _locatek channels in a wireless network without vi-
In this limit, it can be seen that the bounds in relat'OBIating the 2-hop constraints. While the problem of
(7) actlially coincide sinc&r(A;) = 00orl =1 - gcheduling channels with the 2-hop constraint is gen-
nPr(Aj) = 0or 1. Therefore erally NP-complete, we established a polynomial al-
gorithm for the 1D case to illustrate the phase tran-
sitions. For the 2D case we presented some sim-

‘ n ple bounds on the number of channels required. We
VR < Re, lim Pr({7)A) =1 (12) showed that increasing the number of channels avail-
=1 able shifts the critical threshold to the right, allow-
. - ing for higher transmit powers and interference. We
e, lim P A;) = 1 .
VR >R s r(ﬂ ) =0 (13) also showed how the throughput decreases with the

i=1

transmission range in channel wireless networks. It
is hard to quantify the critical threshold point in gen-
eral, but we provided exact result for 1D networks

It is straightforward to carry out the above analysisnd bounded it for the 2D case by analyzing the re-

also for the 1D model, in which case the critical ragted max-k-neighbors property.
dius for max-k-neighbor is?. = -£-. Note that
since exactlyA; + 1 colors are needed for color-The critical thresholds for conflict-free channel allo-

ing in the 1D case, the max-k-neighbor property ca@ation are best considered in conjunction with the es-

O
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