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Abstract. The all-to-all personalized communication is a massive data movement operation that arises fre-
quently in problems like large matrix transposition on hypercube computers.. In literature, various researchers
proposed routing methods to solve this problem using multiport packet switching communication, which are not
practical. In this paper, we present a simple routing algorithm to solve this routing problem. This algorithm is
suitable for implementation in hypercube computers with circuit switching communication, for example, Intel’s
iPSC/2. During the routing process, a processor need to send and receive data from at most one communication

link. For large data transmissions, the presented algorithm is very close to optimal.

Key words: circuit switching, data movement, distributed computing, hypercube computers, vector reversal

permutation.

1 Introduction

Hypercube based parallel architectures are popular with the parallel processing community because of their
versatile and high bandwidth interconnection network. This has prompted several researchers to use them to
solve various communication intensive problems such as matrix-matrix multiplication, LU-factorization, matrix
transposition, etc. Some of the well known and frequently used data movement operations in solving these prob-
lems are [5]: (a) one-to-all broadcasting—a processor has to send a common message to all the other processors
in the system; (b) one-to-all personalized communication—a processor has to send every other processor in the
system a private message; (c) all-to-all broadcasting—each processor in the system has to send a message to
all other processors in the system; and (d) all-to-all personalized communication—each processor has to send a
private message to every other processor in the system. Of these four, the all-to-all personalized communication
has the most bandwidth requirements. For fast and efficient solution of a variety of linear algebra problems on

hypercubes, the above four data movement operations need to be solved most efficiently.

Majority of the studies on providing fast data movement operations [5, 7, 8] assume packet switching (store-
and-forward) method for communication among the processors in a hypercube. However, for a massive data
movement operation, packet switching is not attractive because of the overhead (due to header and control
information) associated with each packet and the large delays involved with the store-and-forward operation at
the intermediary nodes in the path. In literature [5, 7, 8], various optimal routing methods are given for the above
four data communication problems with the assumption: a processor can receive, process (i.e., disassemble and
repack, if necessary), and send message packets on all of its communication links in the same time it would take
for a single message packet. This capability, termed as multipori communication, is offered by none of the existing

machines; and there are no satisfactory solutions offered in literature to achieve this. Hence, results obtained



with packet switching communication are relevant only when one-port communication (that is, a processor can
receive and/or send a message at a time) is used. For each of the four data movement operations, the routing

times with one port packet are proportionately larger than those obtained with multiport communication [5).

An alternative to the packet switching communication is the circuit switching communication. To send a
message in the circuit switching communication, first a physical path between the source and the destination
processors is established and, then, the complete message is transmitted at, essentially, the hardware clock
speed. (Alternatively, one could use the wormhole routing approach of Dally and Seitz [2].) If the path traversed
by a message goes through one or more intermediary processors, then a physical path is established within
each of the intermediary processors. Hence, in this scheme, messages pass through the intermediary processors
thereby eliminating the large delays involved with the store-and-forward approach. It is noteworthy that several
messages could be passing through a processor, at the same time, without requiring that the processor be capable
of processing messages on all of its links. (See figure 1.) Some of the recent hypercube machines such as Intel’s

iPSC/2 and iPSC/860 provide this t&pe of communication mechanism [1, 3].

In this paper, we discuss optimal data movement methods in the context of how they can be realized in hyper-
cubes with circuit switching communication capabilities. The main contribution of this paper is in developing a
near optimal algorithm to realize the truly massive data movement operation, namely, the all-to-all personalized
communication among processors, for hypercube machines with circuit switching capability. The basic argument
put forth in this study is that, for regular and massive data movement operations, circuit switching mechanism

can be used advantageously to provide very fast routing methods.

2 Preliminaries

In this section, we give some basic definitions, explain the communication model used, and discuss lower bounds

on the routing times for each of the four data movement operations described in the previous section.

An n-dimensional, n > 0, hypercube or a boolean n-cube computer, Qn, consists of N = 2" processors,
indexed, 0 through N — 1, interconnected such that a communication link exists between a pair of processors if
and only if the binary representation of their indices differ in exactly one bit. Hence, each processor is connected
to exactly n other processors, one in each dimension of the cube. Due to its recursive construction, @, can
be decomposed into 2"~* i-cubes, 0 < ¢ < n, by removing links between processors adjacent in some (n — i)

dimensions [6].

The communication model. We assume that a processor can send data on a communication link and receive
data on a communication link concurrently. Each communication link allows full duplex operation. If paths for
any two or more messages do not use the same communication link in the same direction (i.e., edge-disjoint),
then all such message transmissions can occur simultaneously, without any loss of time. A message can pass
through a processor, if path (hardware support) is established to transfer data from from the “in” link (through

which the message enters the processor) to the “out” link (through which the message leaves the processor),
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without disturbing the other activities of the processor. Thus, multiple messages can pass through a processor,
if paths for each of these messages are already established through the processor. A processor can establish a
path for, at most, one message at a time. Even though the hypercube computer might operate in asynchronous
mode, communication between any two processors, once a physical path is established, is synchronous, and the

data movement is pipelined.

Messages consist of k elements. Typically an element of data is the number of bits transmitted in one direction
of a communication link at a time. The time to transfer an element of data over a communication link between
adjacent processors is taken as one time unit. To establish a path of length ¢, 1 < ¢ < n, it takes (£ + i7)
time units, where £ and 7 indicate, respectively, the constant start up overhead and the time to set the path (of
length 1) between two adjacent processors. To send a message of k elements between processors at a distance 1,

1< i< n, it takes (€ + 47+ 1+ k — 1) time units.

We note that these assumptions hold for Intel’s iPSC/2 and iPSC/860 hypercube computers [1, 3]. The
above formula for calculating delays to send messages is valid for some of the commercially available hypercube

machines such as iPSC/860 [1, 4].

The lower bound arguments. Let us define a unit iransfer as the transfer of an element of data between
adjacent processors. Thus, if a message of k elements is to be moved between processor at a distance z, then the
number of unit transfers specified by this operation is tk. The bandwidth specified by an operation is the the
number of unit transfers required to complete the operation. For example, the number of unit transfers in the
one-to-all personalized communication is 31 ki ( T: ) = nkN/2. In the all-to-all personalized communication,
which is the N-body version of the one-to-all personalized communication, the number of unit transfers is nkN2/2.
The available bandwidth is the unit transfers that can be done in one time unit, which, for Q,, is nN. One
lower bound on the time to complete an operation is given by the ratio of bandwidth specified by an operation

to the maximum available bandwidth (the bandwidth argument).

The minimum time to complete a data movement operation is also bounded by the time to move data into
or out of a processor (the send/receive argument). These two lower bounds for each of the four communication

operations are given in table 1.

For the data movement operations other than the all-to-all personalized communication, the lower bound
specified by the send/receive argument is, at least, n times that specified by the bandwidth argument. This
indicates that the routing delays for these operations with circuit switching communication are similar to those

with one port packet switching communication.

For the all-to-all personalized communication, the lower bound time suggested by the send /receive argument is
within a factor of 2 of that suggested by the bandwidth argument. Hence, for this operation, a routing algorithm
optimal with respect to lower bound due to send and receive limitations is also close to optimal with respect to
the lower bound due to bandwidth ratio. Furthermore, any routing algorithm with single port communication

will have routing delay at least (nkN), since only N links are used at any given time [5].
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In the next section, we present an algorithm for the all-to-all personalized communication with routing
delay, O(kN), comparable to the delays of the best known algorithms based on multiport packet switching
communication [5, 7, 8]. Furthermore, this routing algorithm is suitable for implementation on the existing

hypercube machines such as Intel’s iPSC/860.

3 All-to-all personalized communication

There are a total of N(N — 1) distinct messages to be moved among the processors to complete this operation.
The simplistic approach of sending data along a Hamiltonian cycle of @,, which works for all-to-all broadcasting
and one-to-all personalized communication, is slow because, now, the amount of data passing through a processor
is O(nN?) and the bandwidth used is 2N. When messages are sent by the shortest paths, and the amount of
data passing through a processor is O(nkN). Hence, to realize this operation efficiently, messages should be sent

by the shortest paths and all the available bandwidth should be used.

The basic idea of the algorithm is to show that the all-to-all personalized data movement operation is com-
posed of several simple permutation based data movements. By providing optimal schemes to realize these

permutations, it is possible complete the required data movement operation in near optimal time.

3.1 A basic data movement operation

The permutation useful here is the vector reversal permutation, in which, for Q,, processor z sends data to the
processor N — 1 — z. In the vector reversal operation for an i-(sub)cube of @, each processor in the subcube

sends data to the processor at distance i in the subcube.

A simple algorithm to realize the vector reversal permutation in Q, is as follows. The path for message
transmission between any pair of source and destination processors is set up through (n — 1) intermediary
processors such that index of the ith intermediary processor, 1 < i < (n — 1), matches that of the destination
processor in the i least significant bits. For example, the path set up between processors 3 (in binary form, 0011)
and 12 (1100) in Q4 goes through the intermediary processors 2 (0010), 0 (0000), and 4 (0100). This can be
generalized to realize the vector reversal operation in the subcubes of a given hypercube (obtained by discarding
links in some dimensions), by omitting the dimensions that do not constitute the subcube in establishing the
paths. This is the e-cube routing algorithm [2].

Thus, if a message is to be routed from processor x to processor y, with the indices differing in bits by, ..., b;,
0<by <---<b; <m, 1< i< n, then it is routed through the set of intermediary processors py = = & 251 ps =
pL®2%, ..., pioy = pi_a ® 2% such that y = pi_y & 2%,

It can easily be seen that this algorithm provides edge-disjoint paths for all the messages to be moved in a

vector reversal operation. Hence, for @,, the vector reversal permutation can be completed in (§ +n7+n+k—1)

time, the same time it takes to move one message. An example showing the realization of the vector reversal

permutation in Q3 is given in figure 2.



Figure 1: An illustration of multiple message transmissions through processor 0, while it is sending data to
processor 16 and receiving data from processor 32, in a Qg with circuit switched communication.

Lower bounds
Operation Send/receive argument | Bandwidth argument
One-to-all broadcast k ~k/n
One-to-all personalized comm. | k(N —1) =~ J&/2
All-to-all broadcast E(N —1) E(N —1)/n
All-to-all personalized comm. | k(N —1) EN/2

Table 1: The lower bounds for the four data movement operations.

0 1

Figure 2: The set up of paths to realize the vector reversal operation in Qz. Only four paths are shown for
clarity. Edges in the path from 0 to 7 are labelled 0.
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3.2 The routing algorithm

The basic idea for the routing algorithm follows from the combinatorial identity (1).

N-1 = ni(r:) (1)

i=0
Algorithm AAP. The algorithm consists of n phases. Phase i, 0 < i < n, consists of ( s ) steps corre-
1
sponding to the number of ways to decompose Q,, into 2° Q,_;’s by removing some 7 dimension links. In each

step, the vector reversal operation in the (n — i)-cubes as given by the corresponding decomposition of @, is

performed. |

The steps within a phase of the algorithm are lexicographically ordered on the dimensions constituting the

n o B st :
sub-cubes. Let n; = ; ) and step (z, 7) indicate step j of phase i, where 0 < 7 < n and 0 < 7 < n;. The
all-to-all personalized communication on @ is realized using the sequence of the steps: (0,0), (1,0), (1,1), (1,2),

(2,0), (2,1), and (2,2). See figure 3.

With the completion of each vector reversal permutation, the number of processors to which any given
processor sent data increases by one. Hence, it is sufficient to do the vector reversal operations as specified by

the combinatorial identity (1), to realize the all-to-all personalized communication.

Noting that a vector reversal operation in an i-cube takes (€ +i7 + 1+ k — 1) time units, we derive the total
time (T,4p) required to complete the all-to-all personalized communication as follows.
n—1
. i n
Toap = Z(ﬁ-*-(n—z)'r—}-(n——z)—}-k— 1) ( ; )
1=0

= W ) S I =104 AN

(1+7)
2

The lower bound for the all-to-all personalized communication operation is Tpnin = k(N — 1). (Section 2.)

The ratio of Tyep and Trmin, M, is as given below.

n = Ta.ap/Tmm
_ £-1 (1+7)n N
= 1 k + 2k N -1
L HEaego1
= =T g0

It is seen that, for large k, n approaches 1. Compared to the best routing delays given by the previous
algorithms (using multiport packet communication and ideal packet sizes) [5, 7, 8], Algorithm AAP is optimal

within a factor of 2.

For hypercube machines with bit-serial communication links between processors (such as the iPSC/2 [3]),
k is the number of bits in a message. In such cases, even for messages of a few (32-bit) words of data, this
routing method can be very close to optimal, provided £ and 7 are small. Even when these overheads are high,
the routing delays are close to the minimum achievable with only moderate message sizes. For example, for
iPSC/860 [1], the time to transmit k < 100 bytes between two processors over a distance 1 is measured to be

(65 + 0.425k + 10z) in psec. This is unaflected by the other message transmissions in the machine. It should be



Step 0

Phase 0: Vector reversal operation in the 3—cube.

L)
=
3
=

Step O Step 1 Step 2

Phase 1: Vector reversal operation in 2-cubes in each step.
6 O0—0O 7 6 7 /60 /Q 7
g iO—=_03 2 X 2 3
40— O 5 4 5 4 5
O——0
0 b

Phase 2: Vector reversal operation in l-cubes in each step.

Figure 3: The sequence of vector reversal operations to perform the all-to-all personalized communication in Qs.
For each step, only the links used are shown for clarity.
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noted that the above formula includes the overheads due to the operating system of the machine also. Comparing
this with our formula for the delay, we see that the time unit is 0.425 psec., £ — 1 = 65/0.425 = 152.94, and
1+47=10/0.425 = 23.53. To realize the all-to-all personalized communication, on a 128-processor iPSC/860 for
100 byte messages, i.e., k = 100 and n = 7, the routing delay incurred is within a factor of 4 (7 = 3.37) of the

.lower bound on moving data out of a processor.

3.3 A variation of Algorithm AAP.

Actually, one can fine tune Algorithm AAP to reduce the effect of the overheads, as suggested by Ho [4]. For
this, we assume that a path can be set up through a processor without affecting any of its activities as long as
the “out link” is free. This feature is supported by, for example, the iPSC/2. We assume that messages are long
enough to completely overlap the message transmission time of a step with the set up time of paths for another
step. (For this, k > € + (n — 1)7. If this is not the case, then still overhead is reduced, proportionately, but not

eliminated.) The modification to Algorithmm AAP is as follows.

For 1 < i < n, phase i has a dual, namely, the phase (n — 7). The number of steps in phase i are the same as
those in phase (n — 7).

First, phase 0, the vector reversal operation in @, is done as before. For 1 <1 < [(n — 1)/2], the steps in
phases 7 and (n — 1) are interleaved: for 0 < j < m;, step (4, ) is followed up with step (n—1i,n; —1— j), which,
in turn, is followed up with step (i,7 + 1), and so on. Step (n — i,n; — 1) is followed up with step (i + 1, 0),
etc. For n even, phase n/2 is its own dual phase, in which case the steps are interleaved as before, for j up to

n;/2 — 1 only. Thus all the steps are of Algorithm AAP are done exactly once.

Due to the interleaving of the steps in dual phases, it is possible to set up paths for the next vector reversal
operation in advance. The links not used in step (i, 7) are exactly the ones used in step (n—1i,n; —1—7j). Note
that the transition from step (n —i,n; — 1) to step (i + 1,0) does not pose any problem in setting up paths in
advance.

For the all-to-all personalized communication on Qj, the sequence of steps are (0,0), (1,0), (2,2), (1,1), (2,1),
(1,2), and (2,0).

Noting that set up overheads are not overlapped with message transmissions for the steps (0,0) and (1,0)

only, the routing time (T,,, ) is calculated as follows.

aap'
n—1
! n
Top = £+nr+£+(n«-l)r+2(n—1+k—l)( i)
=0
= (k=1)(N-1)+aN/2+2(f+n7)—T.
. o n—2 n/24+2(+nr)—1T
And 0 = T /Toin = 14—+ ~ Ty

4 Conclusions

In this paper, we provided a simple routing algorithm for the all-to-all personalized communication. The salient

features of the algorithm are the use of permutation based communication operations as substeps and circuit

pre s



switched mechanism for possible practical application. We also showed that this algorithm is near optimal even

compared to the minimum time achievable with multiport communication.

For regular data movement operations with extensive bandwidth requirements, circuit switching communi-

cation provides the basis for viable routing algorithms.
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