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Abstract

Circuit-switched communication has been increasingly used in hypercube multiprocessors [1, 5].
Reserve-and-hold strategy is commonly used to establish a circuit-switched path between a pair
of nodes in the hypercube. With this strategy, a routing algorithm has to be designed with sufficient
care to avoid deadlocks. A commonly-used, deadlock-free routing algorithm for establishing a circuit-
switched shortest path between any two nodes in a hypercube is the e-cube routing algorithm. The
e-cube routing algorithm allows only one shortest path between each source-destination pair, and,
hence, does not utilize the flexibility provided by the hypercube. In this paper, we propose a new set
of routing criteria for circuit-switched hypercubes that exploit the flexibility provided by the hyper-
cube. Our routing criteria are provably deadlock-free and route messages along shortest paths. The
number of shortest paths allowed by our routing criteria is more than one fgr most source-destination
pairs. We show that the flexibility provided by our routing criteria can be used to limit the negative
effects due to component-failures. We derive the exact number of disrupted source-destination pairs
in the presence of a single faulty link or a single faulty node. We show that these numbers can be
minimized using the relabeling techniques proposed in this paper. We evaluate the performance of
our routing criteria, with respect to the e-cube routing algorithm, using simulation results. We show
that our criteria, if used effectively, lead to an improvement in performance over the e-cube routing

strategy.
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I Introduction

Recently, considerable research effort has been directed towards hypercube multiprocessors [2, 8, 9).
Hypercube multiprocessors, owing to their regular structure and low diameter, are well suited for
parallel processing [6]. In addition, hypercube systems offer high connectivity and exhibit ability
to tolerate faults in the system. Several commercially available hypercube multiprocessors, such as

Intel’s iPSC-860 and iPSC-2 machines, have been built in recent years [5].

Circuit-switched mode of operation is often used in hypercube systems for effective transmis-
sion of long messages without incurring large overhead. In circuit-switched mode, communication
resources required for the transfer of a message are reserved before the actual transfer of the message
begins. Links that interconnect the processing nodes are the primary communication resources in a
hypercube. A link, once reserved for a source-destination (s-d) pair, cannot be used by other source-
destination (s-d) pairs until it is released after message transmission is completed. There are two
different policies that are generally used for establishing a circuit-switched path between a source
and a destination. A commonly-used policy to establish a circuit-switched path between two nodes
in the system is the reserve-and-hold policy as per which the establishment of the path is achieved by
reserving one link at a time. A partial (incomplete) path between an s-d pair may have to wait at an
intermediate node, if the next link along the path is reserved for another s-d pair. In another policy,
known as the backtrack-and-retry policy, a partial path, if it can not be advanced at an intermediate
node due to the unavailability of the required link(s), is released and a fresh retrial for establishing
the path begins at the source node. Backtrack-and-retry policy may lead to indefinite starvation
of some requests and does not perform very well as the cube-size increases [7]. Many commercially
available hypercube multicomputers that use circuit-switched communication, such as Intel’s iPSC-2,
adopt reserve-and-hold strategy. For the rest of this paper, we assume that reserve-and-hold policy is
used for establishing a circuit-switched path. A routing algorithm precisely states how the links in the

network are to be reserved to establish a circuit-switched path between a source and a destination.

In a system that uses the reserve-and-hold policy to establish circuit-switched paths, deadlocks
may occur unless routing algorithms are designed with sufficient care. A deadlocked state corresponds
to a set of s-d pairs such that each s-d pair is waiting for link(s) that are currently reserved for other
s-d pairs in the same set. In other words, advancement of no partial path corresponding to an s-d
pair in a deadlocked state is possible unless some exceptional action is taken. Thus there is a need

to use routing algorithms that are provably deadlock free in multiprocessor systems. In a circuit-



switched environment, link-utilization and, hence, the performance of the system can be enhanced
if the routing algorithm always establishes a shortest path for any given s-d pair. In this paper,
we concern ourselves with deadlock-free algorithms that route messages along shortest paths in a

hypercube multiprocessor.

Deadlock-free algorithms have been studied in [4], with respect to wormhole routing. A
general method using the concept of virtual channels for constructing deadlock-free routing algorithms
are presented. However, these routing algorithms are designed so as to avoid deadlocks caused by

limited buffer resources instead of communication links.

A commonly used routing algorithm in hypercube systems is the e-cube routing algorithm.
This algorithm reserves links required for an s-d pair in a strictly increasing order of dimensions
in which the binary representations of the source and destination nodes differ. It can be easily
proved that the e-cube algorithm establishes a shortest path for every s-d pair without introducing
deadlocks in the system. However, the e-cube algorithm establishes only one unique path for each
s-d pair although there may be other alternate paths. That is, the e-cube routing algorithm does not
utilize the complete flexibility provided by the hypercube.

In this paper, we will propose a routing criterion, as per which flexible routing algorithms
can be designed which meet the two requirements, namely, freedom from deadlocks and routing
messages along shortest paths. The routing criterion that we propose in this paper divides the set of
dimensions in which the source and the destination differ into two sets. The first set, known as the set
of up-transitions, contains the dimensions in which the source address has zeros and the destination
address has ones. The second set, known as the set of down-transitions, contains the dimensions in
which the source address has ones and the destination address has zeros. Our routing criterion, to
establish a circuit-switched path between a source and a destination, can now be informally described

as shown below:

1. A required link corresponding to a dimension in the set of up-transitions can be traversed in

any order.

2. A required link corresponding to a dimension in the set of down-transitions can be traversed

only if all required links of lower dimensions are already traversed.

For example, let us consider the source node 5 = (0,1,0,1) and the destination node 10 = (1,0,1,0) in

a 4-cube. The e-cube routing algorithm always routes messages using the path5 -4 — 6 — 2 — 10



between nodes 5 and 10. QOur routing criterion allows several paths between source node 5 and
destination node 10. Two such paths are 5 = 7 —6 — 14 — 10 and 5 — 13 — 15 — 14 — 10.
However, the path 5 — 13 — 12 — 8 — 10 is not allowed between nodes 5 and 10 by our criterion. An
interesting feature of our routing criterion is that it utilizes the flexibility provided by the hypercube
and, hence, allows more than one shortest path for many s-d pairs. In fact, the e-cube algorithm can
be derived as a special case of our routing criterion. Further, any algorithm that complies with our

routing criterion can be implemented in a distributed fashion with very little hardware-overhead.

We first investigate the faut-tolerance provided by our routing criterion. It is shown that
the ability to tolerate faults is significantly improved if our routing criterion is used. Moreover, we
show that the negative effects due to component failures can be significantly reduced by relabeling
the dimensions of the hypercube. Fault-tolerance issue is also studied from the point of view of
number of node-disjoint paths provided by our criterion between an s-d pair. We also study how the
additional flexibility allowed by our routing criterion can be used to improve system performance
in terms of average setup time for a message-path. We show that our criterion, if used effectively,
can improve performance over the e-cube strategy for most of the operational range of the system.
Although we derive our results with respect to circuit-switched mode of communication, these results

can be applied to other modes of communication, such as wormhole routing, as well.

The rest of the paper is organized as follows. In Section II, we present the notations and
the definitions used in this paper; in this section, we formally introduce th’e concept of a deadlocked
state. Our routing criteria are introduced in Section III. In this section, we also prove that any
routing algorithm that adopts our routing criteria is deadlock-free. Fault-tolerance provided by our
routing algorithms is analyzed in Section IV. We study the performance of the proposed set of
routing algorithms in Section V. Section VI concludes this paper.

II Preliminary Definitions and Notations

In this section, we introduce the preliminary definitions and notations. We consider an n-dimensional
hypercube with N = 2" processors (or nodes). Each processor X, for 0 < X < N —1, can be
represented by a sequence of n binary digits (2,-1,...,20) where z; € {0,1} for 0 < ¢ < n—1. The bit
zi, 0 < i < n—1, is sometimes called the i-dimnesional bit of node X, and g is the least significant
bit. Two processors are connected by a pair of links, one in each direction, if and only if the binary

representations of their labels differ in exactly one bit. Hence each node would have n neighbors. A
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Figure 1: 3-dimensional hypercube with circuit-switched communication mode.

link is said to be an i-dimensional link, 0 < 7 < n — 1, if it connects two nodes that differ in their
i-dimensional bits. A link of dimension ¢ from node X is sometimes denoted as X;. Further, an
outgoing i-dimensional link at node X = (2n-1,...,20) is normally denoted as X; T if bit z; = 0.
Similarly, this link is denoted as X; | if z; = 1. These notations are used for representing link
directions. In general, a link is called an up-link if it can be represented as X; T for some X and i,
where 0 < X < N—-1and 0 <i<n-—1. On the other hand, it is called a down-link if it can be
represented as X; | for some X and 7, where 0 < X < N-1and 0 <#<n—1. Figure 1 shows
a 3-dimensional hypercube. For example, the link from node 5 = (1,0,1) to node 7 = (1,1,1) is an
up-link and is denoted as 5; T, and the link from node 7 = (1,1,1) to node 5 = (1,0,1) is a down-link
and is denoted as 7, |. A path between two nodes is sometimes represented as a sequence of links
for convenience. For example, in Figure 1, the path from node 4 = (1,0, 0) to node 2 = (0, 1,0), with
node 6 = (1,1,0) as the only intermediate node, is represented using 4; 162 |.

As described earlier, in the circuit-switched mode of operation, a path must first be set up
before a source node is allowed to transmit a message to a destination node. A commonly-used
strategy to establish a circuit-switched path between two nodes is the reserve-and-hold strategy as
per which the establishment of a path is achieved by reserving one link at a time. A link, once
reserved, cannot be used by other source-destination (s-d) pairs until it is released after message
transmission is completed. A partial (incomplete) path corresponding to an s-d pair of nodes may
have to wait at an intermediate node, if the next required link along the path is reserved for another

s-d pair. A path, whether partial or complete, consists of all the links that have already been reserved



for this path.
An outgoing link from any intermediate node I is said to be legal, with respect to source
5 and destination D, if the link can be used to advance the path from § to D as per the routing

algorithm under consideration. In this paper, we concern ourselves with routing algorithms for which

the following two criteria can be satisfied:

1. The routing algorithms do not cause any deadlocks in the system, and

2. Each path established from a source to a destination is a shortest path.

Given a set of m, m > 0, s-d pairs of nodes (S;, D;), 0 < i< m— 1, let P; denote the partial
(incomplete) path established from S; to an intermediate node I;. Further, let L; represent the set
of legal outgoing links from I; with D; as the destination node. A deadlock situation is defined as

follows:

Definition 1 The set of source-destination pairs of nodes (S;y D;), 0 < 1< m—1, are in a

deadlocked state if Vi, 0 < ¢ < m—1,|Li{>0and Y€ L;, 3j#14, 0< j< m—1,s.t l€ P;.

In other words, a deadlocked configuration corresponds to a set of s-d pairs such that each s-d pair is
waiting for some links that are currently reserved for some other pairs in the same set. This definition

of a deadlocked state is used, in turn, to define a deadlock-free routing algorithm.

Definition 2 A routing algorithm is defined as deadlock-free if it does not lead o a deadlocked state

while routing any arbilrary set of source-destination pairs.

We next introduce the necessary framework under which the properties of a deadlocked state can
be analyzed. As before, let us assume there are a set of m, m > 0, s-d pairs of nodes (S;, D;),
0 < i< m-—1, to be conneted in the system. As before, let P; represent the path corresponding
to the s-d pair (S;, D;). Also, recall that L; represents the set of legal outgoing links from current

intermediate node I;.

Definition 3 A dependency graph corresponding to the situation described above is a directed graph
G = (V, A) such that

1.V = {P;|0 <i <m-1}, and

2. A = {(P, P;)|3l€ L; such that I € P;}.
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Figure 2: Two dependency graphs with each corresponding to a deadlocked state among 4 partial
paths.

In other words, each vertex in the dependency graph corresponds to a path in the system. There
exists an arc from vertex P; to vertex P; in the graph if and only if P; contains a link that is legal with
respect to s-d pair (i, D;) at intermediate node I;. From the fact that each path is a shortest path,
we can infer that there exist no self-loops or multiple arcs between two vertices in the dependency
graph. For example, consider the dependency graph shown in Figure 2(a). S-d pair 1 needs to use
either a link currently reserved by s-d pair 2 or a link currently reserved By s-d pair 3, and there is
no other legal link for s-d pair 1. It is easy to observe that, in this figure, the four s-d pairs are in
a deadlocked state. Figure 2(b) shows another example of a deadlocked configuration. Next we will
show that there exists at least one cycle in the dependency graph associated with a deadlocked set

of s-d pairs.

Lemma 1 Given a set T of m, m > 0, source-destination pairs of nodes that corresponds to a

deadlocked configuration, there exists at least one cycle in the associated dependency graph.

Proof: We prove the lemma by contradiction. Assume that there exists no cycle in the dependency
graph. Observe that there are m vertices in the dependency graph with each vertex corresponding
to a partial path. Owing to the fact that the m s-d pairs are in a deadlocked state, each incomplete
path must be waiting for at least one link that is reserved by another incomplete path. Thus, there
should be at least one arc that emanates from every vertex in the dependency graph. Also, every

legal link for an s-d pair is reserved for another s-d pair in 7', which means every arc from a vertex



must lead to another vertex that corresponds to another s-d pair in 7. Now we will generate a
sequence of vertices as follows. Choose an arbitrary vertex and label it as vertex 1. From this vertex,
we arbitrarily choose an outgoing arc. Since no self loops exist, this arc should lead to an unlabeled
vertex. Let us label it as vertex 2. Now, from vertex 2, select an outgoing arc as we did earlier. As
argued earlier, the new vertex cannot be vertex 2. Since we assumed that there exists no cycle in
the dependency graph, the new vertex cannot be vertex 1 either; otherwise, the sequence of vertices
1 — 2 — 1 forms a cycle. Let us label this new vertex as vertex 3. We can repeat the same process
and label new vertices in increasing order. Now assume we are visiting vertex 7, i > 1. Let us select
an outgoing arc from this vertex. Owing to our earlier assumption, this arc cannot lead to a vertex
which has been labeled earlier. This is because, if it leads to a labeled vertex, say vertex j, j < i, then
the sequence of vertices j — j+1 — ... = i—1 — 7 — j forms a cycle, contradicting our assumption.
By the same argument, once we label the m-th vertex, any outgoing arc from the vertex.with label m
should lead to a new unlabeled vertex. That means there should be at least m+1 vertices (m labeled
ones and a new unlabeled one) in the dependency graph. However, this contradicts the fact that
there are exactly m vertices in the associated deadlocked configuration. This concludes the proof of

the lemma. O

III A Class of New Deadlock-Free Routing Algorithms

A commonly used routing algorithm in circuit-switched hypercube multicomputers is the e-cube
algorithm. In the e-cube routing algorithm, if the partial path, which is destined for node D =
(dn-1,---,do) from source node S, reaches an intermediate node X = (zn—1,...,20), the link Xj, if
available, is reserved for the path from § to D, where i is the least significant bit position in which
X and D differ; if this link X; is unavailable, then the partial path from § to D must wait at the
intermediate node X until the link is released. Recall that X; represents the outgoing i-dimensional
link from node X. In other words, the e-cube routing algorithm reserves links in the order of

increasing dimension.

The e-cube routing algorithm is deadlock-free and routes messages along shortest paths.
However, it does not use the flexibility offered by the hypercube multicomputers to the full extent.
There are circumstances under which one would like to utilize the flexibility allowed by the hypercubes
to as high an extent as possible. For example, a single link failure might disconnect a source-

destination pair, despite the existence of alternative paths, if e-cube routing algorithm is to be used



to route messages. Moreover, utilizing the flexibility of the hypercube system might lead to an
improved performance under different traffic conditions. In the following, we propose a set of criteria
by which one can develop routing algorithms that are more flexible than the e-cube algorithm, while
maintaining the two characteristics, namely, freedom from deadlocks and routing along shortest

paths.

Consider an n-dimensional hypercube. Given a pair of nodes X = (zp_1,...,20) and ¥ =
(Yn—1s--sY0), let UT(X, Y) denote the set of dimensions in which X and Y differ such that
X has zeros along these dimensions and Y has ones. In other words, UT(X, Y) is defined as
UT(X,Y) = {{|0<i<n-1, 2; =0, y; = 1}. We shall refer to UT(X, Y) as the set of up-
transitions between X and Y. Similarly, we define DT(X, Y) = {i|0<i<n-1, z; =1, y; =0}
as the set of dimensions in which X and Y differ such that X has ones and Y has zeros. DT(X, Y)
is referred to as the set of down-transitions between X and Y. Observe that |[UT(X, Y)| and
|DT(X, Y)| together add up to the shortest (Hamming) distance between X and Y. Observe that
any algorithm that establishes a shortest path from node X to node Y should reserve one link of a
dimension that belongs to the set UT (X, Y)U DT(X, Y).

Our routing criterion does not impose any constraints on reserving a link whose dimension
belongs to the set of up-transitions between a source and a destination. However, it allows a link,
whose dimension belongs to the set of down-transitions between a source and a destination, to be
reserved only when all links with lower dimensions have been obta.i.ned., Our routing criterion is

shown below.
Up-Preference (UP) Routing Criterion

Given a source-destination pair of nodes (5, D), the following rules are applied at any intermediate

node I (including source node 5):

e An i-dimensional link can be reserved if i € UT(I, D)

o An i-dimensional link, where ¢ € DT(I, D), can be reserved only if all links of dimension j,
such that j < 7 and j € UT(S, D) U DT(S, D) have been reserved

e An i-dimensional link, where i ¢ UT(I, D)U DT(I, D), cannot be reserved.

In essence, the UP routing criterion allows complete freedom in obtaining the up-links and

restricts the order in which down-links can be acquired. This criterion is much more flexible than



Figure 3: Path establishment in a 4-cube.

the e-cube strategy. With the UP routing criterion, very often more than one legal link is allowed at
an intermediate node. Notice that the e-cube strategy allows only one legal link at an intermediate
node for an s-d pair. For example, consider the 4-cube shown in Figure 3. Let us assume that the
path 1; T 32 T, shown by dashed lines, is established in the 4-cube from source 1 to destination
7. Now assume that node 0 wants to realize a circuit-switched path to node 15. Using e-cube
routing algorithm, the partial path, 0g T, corresponding to the s-d pair (0,15) has to wait at the
intermediate node 1, owing to the fact that link 1; T is currently reserved by the s-d pair (1, 7).
However, with the UP criterion, at source node 0, the set of legal links for the s-d pair (0,15) will
be {00 1,01 1,02 1,05 1} and every link in this set is currently available. Suppose that, out of these
links, 0p is reserved for this s-d pair. Hence, the next intermediate node will be 1. At node 1, the
set of legal links for the s-d pair (0,15) will be {1, 7,1 T,13 T}. Although the link 1; T is currently
reserved for the s-d pair (1,7), there are two other legal links that are available. These links can
be used according to our criterion. As shown in Figure 3, the dotted lines indicate one of the paths

from node 0 to node 15 allowed by the UP criterion.

A routing algorithm, which is based on the UP routing criterion, would have to specify some
detailed policies, such as a policy for selecting a legal link to reserve if there are more than one
available legal links, and a policy for determining the waiting discipline if none of the legal links

are available at an intermediate node. These policies, however, can be specified by system designers

10



depending on their needs.

Notice that we can define another routing criterion by simply interchanging the roles of
UT(I, D) and DT(I, D) in the UP routing criterion. We will refer to this criterion as Down-
Preference (DP) routing criterion. In other words, the DP criterion does not restrict reservation of
down-links in any fashion. Obviously, the DP routing criterion have the same characteristics as the
UP routing criterion. Therefore, in the following discussion, unless otherwise mentioned, we will refer

to the UP routing criterion only.

It can be inferred that only the links corresponding to the dimensions in which the source
and destination differ can be reserved, with respect to the UP routing criterion. Hence the path

established by a routing algorithm, which meets the UP routing criterion, is always a shortest path.

Next, we prove that any routing algorithm that complies with the UP routing criterion is
deadlock-free. For a set of m s-d pairs (53, D;),0 < i < m—1, P; is used to denote the incomplete
path established from ; to an intermediate node I;. If there is an arc from P; to P; in the associated
dependency graph, P; is waiting for a link that is currently reserved for P;; we denote the link that P;
is requesting and is currently reserved for P; as [;;. First, we prove the following lemma with respect

to a routing algorithm that routes messages along shortest paths (but not necessarily deadlock-free).

Lemma 2 Consider m, m > 1, partial paths P;, 0 < ¢ < m — 1, corresponding to m s-d pairs,
(8:, D;), 0 < i < m— 1. Further, assume that these partial paths are established using an algorithm
that routes messages along shortest paths. Assume that there exists a cycle involving the m vertices
P;, 0 < i< m-—1, in the associated channel dependency graph. Moreover, assume that the set of arcs
in this cycle is given by {(P;y, Pi11 mod m) | 0 < i < m—1}. Then, for any partial path P; such that
Ljj+1 mod m 18 an up-link of some dimension k, there ezists a partial path P,, 0 < s # j < m -1,

such that P, contains a down-link of dimension k.

Proof: We prove the lemma by contradiction. Without loss of generality, let lp; be an up-link of
dimension k for some k. Now let us assume Vi, i # 0, P; does not contain a down-link of dimension
k. Consider that the n-cube is partitioned, along dimension k, into two (n — 1)-subcubes, Ny and
Ny, such that Np (respectively, N;) contains processors whose binary representations have a zero
(respectively, one) in bit position k. Notice that a path that is routed by a shortest-path routing
algorithm can never traverse any dimension more than once. Since Fy is waiting for an up-link of
dimension k, Py could not have reserved any k-dimensional down-link, and P; must have reserved

an up-link of dimension k. Also, the intermediate node I; for P; must be in N;. Since P; is waiting

11



for some link currently reserved for P, at I;, P, must have visited I; in N;. By our assumption, P,
cannot contain a down-link of dimension k. Therefore, the current intermediate node I, for P, must
be in N;. The same argument can be repeated to show that the current intermediate node I,,_, for
Pp,_; must be in the subcube N;. Since P,,_; is waiting for some link reserved for Py at node I
Py must have visited I,,_;. However, Iy is in Ny, which means Py must have reserved a down-link of
dimension k. But Py could not have reserved a down-link of dimension k, since it is currently waiting
for a k-dimensional up-link and messages are routed aong shortest paths. This yields us the required

contradiction and, hence, the lemma. 0

Now we are ready to prove that any algorithm that complies with the UP criterion is deadlock-

free.
Theorem 1 Any routing algorithm that meets the UP routing criterion is deadlock free.

Proof: Again we prove by contradiction. Assume that there exists some routing algorithm which
meets the UP routing criterion and caused a deadlocked state among some set of s-d pairs. From
lemma 1, we know that there exists at least one cycle in the associated dependency graph with respect
to the set of s-d pairs. Without loss of generality, let us assume that one of the cycles involves m,
m > 1, partial paths which correspond to m s-d pairs of nodes. Let us label these paths such that
the cycle can be represented by having an arc from P; to Piyq mod my 0 < 72 < m—1, where F;
denotes the partial path for the i-th s-d pair. Also, let [;; represent the link associated with the arc
from P; to Pj; in other words, l;; denotes the link that P; is waiting and is reserved for P;. Now we
have to consider two cases for proving the theorem.

Case 1: Link /; ;11 mod m at every intermediate node I;, 0 < ¢ < m -1, is a down-link.

That is, in this case, partial path P;, 0 < i < m — 1, is currently waiting at intermediate node I; for
a down-link /; ;11 mod m- Let d;, 0 < i< m —1, denote the dimension of the link l; ;11 mod m. Let p
denote the maximum number among the m d;’s. That is, p = max{d; | 0 < 7 < m — 1}. Without
loss of generality, let us assume dy = p, which means Py is waiting for a down-link of dimension p
which is now reserved for P;. We must have p > d;, since p is the maximum among the dimensions
dj, 0 < j < m — 1. Because the UP routing criterion requires that a down-link of dimension j can
be reserved by a path only when all required links of dimensions lower than j are acquired, we infer
that d; > p. This contradicts with the previous result that p > d;. Hence it is impossible for this

case to happen.

Case 2: There exists at least an 7, 0 < 7 < m — 1, such that the link I; ;11 mod m is an up-link.

12



Let p denote the maximal dimension among all dimensions of the links I} ;41 mod ms 0 < j < m—1,
which are up-links. Without loss of generality, let lp; be a p-dimensional up-link. That means, Py is
waiting for a p-dimensional up-link, which is currently reserved for P;. From Lemma 2, there must
exist some k # 0 such that P, already reserved a down-link of dimension p. According to the UP
routing criterion, we infer that P must have traversed all dimensions less than or equal to p, in
which its associated source and destination nodes differ. Therefore, the dimension of Ij k11 mod m,
denoted as dj, must be greater than p. Here we have to to consider two situations: 1) Ik k+1 mod m
is an up-link, 2) Ik k41 mod m is a down-link. If Iy k41 mod m is an up-link, then the fact that d;. > p
conflicts with the assumption that p is the maximum dimension of all up-links. Hence this link can
only be a down-link. Since a down-link is reserved only if all required links of lower dimensions are
reserved, we infer that d > p. By a repeated application of the same argument, we can show that
Im—1,0 must be a down-link of dimension dm,—1 > p. This means Py would have already reserved
a down-link of dimension d,,_;. However, this cannot happen, in accordance to the UP routing
criterion, since Py is currently requesting an up-link of dimension p, which is less than d,,_;. This

completes the proof of the theorem. a

IV Fault-Tolerance Analysis of the Flexible Routing Criteria

One major disadvantage of the e-cube routing algorithm is that it allows only one path between
a source-destination pair. If any link or an intermediate node on this unique path allowed by the
e-cube routing algorithm fails, the corresponding source can not send messages to it’s destination
using the e-cube algorithm. Hence, in a hypercube system that uses the e-cube routing algorithm,
the ability to tolerate faults is virtually nonexistent.

As opposed to e-cube strategy, the UP criterion proposed in this paper allows more than one
path from source § to destination D unless the distance between § and D is one or the number of up-
links that require to be reserved in a path from S to D equals zero. Similarly, the DP criterion allows
more than one path from source § to destination D unless the distance between § and D is one or
the number of down-links that require to be reserved in a path from § to D equals zero. Hence, link
failures would have much less impact on the system’s ability to route messages, if the system adopts
our routing criteria. Moreover, the fault-tolerance capability provided by our algorithms increases
as the size of the hypercube increases, owing to the fact that in a larger cube the average distance

between an s-d pair is larger.

13



In this section, we first analyze the fault-tolerance capability of our algorithms when a single
link fails in the system. The number of source-destination pairs that fail to communicate when a
single link fails in the system is chosen as the measure of fault-tolerance in our study. We propose
techniques to relabel the nodes in the hypercube in such a way that the number of s-d pairs that fail

to communicate under a single link-failure is brought down to one.

Another measure that we investigate in this section is the number of node-disjoint shortest
paths provided by our algorithm between a source and a destination. Two paths from source S to
destination D are said to be node-disjoint, if they do not have any node other than § and D in
common. It is a well-known fact that the total number of node-disjoint shortest paths between §
and D in an n-cube equals the shortest (Hamming) distance between § and D. The number of
node-disjoint paths allowed by the e-cube algorithm between source § and destination D is always

one. We show that our routing criteria allow multiple node-disjoint shortest paths for an s-d pair.

Finally, we analyze the fault-tolerance capability of our algorithms when a single node fails
in the system. We estimate the number of source-destination pairs that fail to communicate when
a single node fails. We then propose a technique to relabel the nodes in the hypercube so that the
number of affected s-d pairs is minimized.

Fault-Tolerance Analysis under Single Link-Failure

Consider an n-cube in which the UP criterion is used to realize a circuit-switched path from
source S = (Sp—1, ...y S0) to destination D = (dn-1,...,do). In addition, let us assume that the outgo-
ing up-link X; T fromnode X = (Z5—1, ++ i41, 0, Zi—1, ..., Zo) to node X' = (Rne1yeeer Tit1s 1y i1y ey Z0)
failed. Further, we assume that every processor in the system knows that link X; T failed. We say
that an s-d pair (S, D) is affected by the failure of a link [ if every path from source 5 to destination
D, allowed by the UP criterion, has to acquire link I. We would like to find the number of s-d pairs
that are affected by the failure of link X; 7. The following theorem evaluates this number.

Theorem 2 Assume that link X; T from node X = (Zp-1,.-s2it1,0,2i1,...,20) to node X' =
(Zre1y ey Zit1s L, Zim1y ey 20) failed in an n-cube that uses the UP criterion. The number of affected

source-destination pairs equals 2P where p is the cardinality of the set
{jl G+1)<j<n-1, and z; =1}.

Proof: Observe that if the s-d pair (§, D) is affected by the failure of link X; T, then s; should be
zero and d; should be one. We first show that an s-d pair (5, D) is affected only if § equals X. To
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