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Abstract

This report presents the theory for (disjunctive and non-disjunctive) function decompo-
sition using the BDD representation of Boolean functions. Incompletely specified as well as
multi-output Boolean functions are addressed as part ol the general theory. A novel algo-
rithm (based on an EVBDD representation) for generating the set of all bound variables that
make the function decomposable is also presented. We compared our BDD-based decom-
position procedure with existing implementations of the Roth-IKarp procedure and obtained
significant speed-ups.



1 Introduction

We address the problem of decomposing combinational logic. The motivation is to separate
a large circuit into smaller pieces which can be optimized more elfectively or can be mapped
into Look-Up Tables of an FPGA device.

The problem of Boolean decomposition of a function f(zq,...,2,-1) is to find a repre-
sentation of f which consists of a composition of simpler Boolean functions. In the late
1950’s, Ashenhurst [1] and Curtis [3] determined the necessary and sufficient conditions for
the existence of a given decomposition. Their methods are based on the Karnaugh map
representation and hence are practical for functions of very {ew variables. In contrast, the
decomposition method of Roth and Karp[10] uses covers of the onset and offset of the func-
tion and thus is more practical and efficient.

Shen and McKellar [11] proposed an algorithm for obtaining all simple disjunctive decom-
positions of a Boolean function. They construct a decomposilion graph based on a necessary
condition for the existence of simple disjunctive decompositions. Only the k-complete sub-
graphs of the decomposition graph need to be checked for decomposability. The construction
of the decomposition graph is based on a mod 2 map rather than a Karnaugh map. The
mod 2 map uses the Reed-Muller canonical form of a Boolean function. Even though a small
number of bound sets are to be examined, their method still requires O(2") computations.

Many problems involving Boolean functions, including decomposition, require efficient
representations. Reduced, ordered Binary Decision Diagrams [2] (BDD) provide a compact
and canonical representation of Boolean functions. The various aspects of Boolean decom-
positions that are addressed in this paper are based on BDDs. In addition, we will also have
occasion to use a new data structure, called Edge-Valued Binary Decision Diagrams (EVB-
DDs) [7]. EVBDDs provide a representation of Boolean functions over the integer domain
and have been shown to be useful for verification of arithmetic functions.

The paper 1s organized as follows. In Section 2, we give basic delinitions, terminology and
notations used thereafter. Our BDD-based disjunctive and non-disjunctive decomposition
algorithms are presented in Sections 3 and 4. Incompletely specified logic functions and
multi-output function decomposition are described in Sections 5 and 6. Section T is devoted
to the decomposability issue, i.e., finding a bound set ol variables that will reduce the
variable support of the function. Application of the BDD-based decomposition algorithms
to the synthesis of XC4000 FPGA device is discussed in Section 8. ixperimental results and
conclusions are given in Sections 9 and 10.

2 Definitions and Notations

Definition 2.1 A function f(zo,...,2,_1) issaid to be decomposable if  can be transformed
to a form f'(gg,...,gm—1) in which every function g; has fewer than n variables and m is
smaller than n. A decomposition is disjunctive il f(zp,....: tn-1) = [(g0(Ao); -+ » gm—1(Am=1))
where {Ag,..., Anm_1} is a partition of the set of input variables {xg,...,2n-1}. A decom-
position is non-disjunctive if there exist ¢ and j such that A, M A; # ¢. A simple de-
composition contains only a subfunction of the form f(wy,...,2.-1) = f'(g(Ag), A1) where
Ao, Ay C {z0,...,Tn-1} and Ag U A; = {aq,...,2q-1}. Again, if Ap N A; = ¢ then it is
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a simple disjunctive decomposition; otherwise it is a simple non-disjunctive decomposition.
The sets Ag and A, are referred to as the bound set and the free sel respectively. A bound
(free) variable is a variable in the bound (free) set.

Definition 2.2 A BDD is a directed acyclic graph consisting of two types of nodes. A
nonterminal node v is represented by a 3-tuple (variable(v),child(v),child,(v)) where
variable(v) € {zo,...,Tq—1}. A terminal node v is either 0 or 1. A BDD is ordered if
there exist an index function indez(z) € {0,...,n—1} such that for every nonterminal node
v, either child)(v) is a terminal node or index(variable(v)) < index(variable(child)(v))),
and either child,(v) is a terminal node or index(variable(v)) < index(variable(child.(v))).
A BDD is reduced if there is no nonterminal node v such that child)(v) = child.(v), and
there are no two nonterminal nodes u and v such that u = v. The function denoted by
(z,vi,v,) is ¢ fi + & [, where f; and [, are the functions denoted by v; and v,, respectively.
The functions denoted by 0 and 1 are the constant function 0 and 1, respectively.

In this paper, we consider only reduced, ordered BDD and use the following notation.

1. The left edge of a node represent 1 or the true edge and the right edge represents 0 or
the false edge.

o

v represents both a BDD node and the BDD rooted by node v,

3. wndex(v) : the index of the variable associated with node v. If v is a terminal node,
then index(v) = n.

4. 7(1) = z if index(z) = 1, that is, 7 is the variable ordering of BDD.

5. new_bdd(z,1,r) returns a BDD node v such that variable(v) = z, child)(v) = 1 and
child,(v) = r.

6. eval(v,{bo,...,bi_1)) = v' where v and v’ represent the functions f(zo,...,2,-1) and
fboy .. bicg,@iy. . Taey). When i is known, we also use eval(v, 7) for eval(v, (bo,. . ., bi—1))
where j = 2'"1by + ... 4+ 2%;_,.

7. descendant(v) the descendant nodes of v including itsell.

8. replace_node(v,v,, v,) replaces node v, in BDD v by node v,.

Definition 2.3 An EVBDD is a tuple (¢, f) where ¢ is a constant value and f is a directed

ey

acyclic graph consisting of two types of nodes. There is a single terminal node 0. A non-
terminal node v is represented by a 4-tuple (variable(v).child)(v), child,(v), value) such
that

1. either child(v) = 0 or index(v) < index(child(v)),
2. either child,(v) = 0 or index(v) < index(child,(v)).

3. child)(v) = child,(v) and value = 0 can not exist at the same time, and



(a) carry (b) sum () x+y+z

Figure 1: EVBDD representation of full adder

4. there are no two nonterminal nodes u and v such that u = v.

Definition 2.4 An EVBDD (¢, f) denotes the arithmetic function ¢+ f where f is the func-
tion denoted by f. 0 denotes the constant function 0, and (z,1,r, v) denotes the arithmetic
function z(v + {) + (1 — 2)r. The operator eval, is defined as the lollowing.

1. evale,((c,0), (bo,...,bn-1)) =0,

2. evala({e, {2 ), 2,0))s {boy s « 3ban)) =
evale,((c + v,1), (bg,...,bn_l)) if b; =1,
evale,({c, 1), {bo,. .., bno1)) if b; = 0.

An EVBDD can represent both Boolean and arithmetic functions. For example, the
carry and sum functions of a full adder represented by EVBDDs are shown in Figure 1 (a)
and (b) where carry = 2y + yz + za — 2zyz and sum = x + y + z — 22y — 2yz — 2wz +4ayz
are represented by arithmetic functions. The arithmetic function of 2# carry + sum is shown
in Figure 1 (c).

Note that in a BDD the function value is determined by the terminal node at the end of
a path. In an EVBDD the function value is computed by summing the edge values (right
edge values are 0) along the path. For example, the function value of z = 1, y = 0 and
z=1oncarry and sumare 0+0+0+1=1and0+1+0-1=0.

3 Disjunctive Decomposition

We start with a brief review of the Ashenhurst-Curtis and Roth-Karp methods for detecting
simple disjunctive decompositions. We then show how to use the BDD representation to
perform the same operation. All the functions considered in this section are fully specified.
Incompletely specified functions will be discussed in Section 6.
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Figure 2: A decomposition chart

The Ashenhurst-Curtis method is based on an arrangement of the Karnaugh map where
the rows correspond to the variables in the free set and the columns correspond to the
variables in the bound set. The arrangement is referred to as a decomposition chart. A
simple disjunctive decomposition exists if and only if the decomposition chart has at most
two distinct columns.

Example 3.1 Let f = $0$1$2$3+ $0$1$2f3f4+ l‘[).’l,'].'fzf.j—l' ngifl .’E-z.fgri- ToT1TaTa+ (f{](lf'_lwgfq‘l'
ToT1T2T3+ ToT122x3+ ToT1T9T3T4+ Tod1Z2T3, the decomposition chart of f(zg, 21, 22, 23, 24)

with respect to the bound set {zg, x1, 22} and the free set {xs, x4} is shown in Figure 2. Since

there are three distinct columns, namely 1100, 1011 and 1010, there is no simple disjunctive

decomposition of f with respect to the given bound and free sets.

The Roth-Karp algorithm is based on the computation of compatible classes. Let f be a
Boolean function with a bound set Ay and a free set Ay, with | Ap |= ¢ and | A; |=n—1. Let
By = B' and B; = B"* where B = {0,1}. Two variables @; and @3, 21 € B} and @3 € By
are said to be compatible if, for all y € By, f(x1,y) = [(22,y); otherwise, they are said to
be incompatible. Roth and Karp show that a function has simple disjunctive decomposition
with respect to given bound and free sets if and only if 5, can be partitioned into k < 2
classes consisting of mutually compatible elements. When a function is completely specified,
compatibility is an equivalence relation, and k is simply the number of equivalence classes.

The relation between a distinct column of a decomposition chart and a compatible class
is bijective. The basic difference between these two methods is in the use of different function
representations. One uses the Karnaugh map to represent a function while the other uses
covers of the onset and offset for the function.

Our method for detecting simple disjunctive decomposition is based on the concept of
a cut_set in BDD representation of Boolean functions. With respect to a given bound set
{zo,...,2i_1} and free set {a;,...,z,—1} for a function f, we first construct a BDD v with the
variable ordering {zo,...,%i-1} < {@i,... 2,1}, then we compute the set cut_set(v,i—1).
If the cardinality of cut_set(v,7 — 1) is less than or equal to 2 then f is simple disjunctive
decomposable, otherwise it is not.

Definition 3.1 Given a BDD v representing f(ao,...,®.—1),
cut_set(v, level) = {eval(v,i) | 0 < i < 2level+1}
where 0 < level < n.



Figure 3: A BDD example

An alternative (and equivalent) definition is as follows. cul_set(v,level) represents a set of
BDD nodes u such that u € descendant(v), index(u) > level, and Iw € descendant(v)
such that index(w) < level and either child)(w) = u or child,(w) = u. The last constraint
ensures that only the topmost u’s with indices greater than level are included in the set.
Note that level is an absolute value between 0 and n — I, and not a relative value with
respect to the index of v.

Example 3.2 The BDD representation of the function f in Fixample 3.1 is shown in Figure 3
which has cut_set(a,2) = {g,h,i} and cut_set(d,2) = {g,h}.

If the BDD is constructed as described above, then a node in the cut_set corresponds to a
distinct column of the corresponding decomposition chart and a compatible class of B,. For
example, nodes g, h and i in Figure 3 correspond to columns 1011, 1010 and 1100 in Figure 2,
respectively. Note that changing the variable ordering within the groups {zo,...,2;—1} and
{@i,...,2zn—1} will not change the size of cut_set.

In the following, we present the procedure cut_set(v,level) to computes the cut_set as
described above. When the variable ordering of a BDD does not correspond to a given
bound set, we use rotate to move the bound variables to the top. The operation rotate(v,z)
returns a new BDD with the new variable ordering 7’ such that 7#'(0) = @, «'(z + 1) = ()
for 0 < < index(z), 7'(7) = 7 (2) for 1 > index(x).

cut_set(v, level)
{
if (index(v) > level) return({ v });
else return( cut_set(child)(v),level) U cut_set(child.(v),level) );

}



rotate(v,x)
{
if (index(v) < index(z)) {
1 = rotate2(v;, =, T);
r = rotate 2(v, x, 'r');
return(new_bdd(z,1,r));
}

else return(v);

}

rotate 2(v, z, flag)
{
if (indez(v) < index(z)) {
1 = rotate 2(child)(v),, flag);
r = rotate 2(child,.(v),z, flag);
return(new_bdd(variable(v),1,r));
}
else if (index(v) == index(z)) {
if (flag == "l') return(child(v));
else return(child,(v));
}

else return(v)

}

The computation of the cut_set in place will be discussed in Section 10.
We show how to perform the disjunctive decomposilion
f(.’l'?o, NN .,.“I!n_l) = fl(go(:l:o, B .17;_1), . ,gm_l(;l-'o, ..... ] Ul—l)‘ Ly s oo ,.’En_l)
directly on a BDD. Given a function f and the bound set {xq,..., 211}, we first construct
a BDD v with variable ordering zy < ... < &,-1 and compute the cut_set(v,l—1) (Figure 4
(a)). We then encode each node u in the cut_set by an m-bit integer where 2! < k =|
cut_set(v,l—1) |< 2™,

To construct a BDD vy corresponding to function /', we replace the top part of vy
(above the cutset) by a new top on variables yg,...,¥,-, such that eval(vy,j) = u; for
0<y<k=1,evel(vp,j) =up_y for k—1<j < 2™ (Figure 4 (b)). Note that this is an
arbitrary input encoding which is not unique. Different encodings will result in different f*
functions.

To construct a BDD v, ,0 < p < m, corresponding to {unction g,(zq,..., 1), we
replace every node u; € cut_set in v by terminal node whose value is b;, (p** bit from the
right of integer j, Figure 4 (¢)). For example, u; is replaced by terminal node 1 in the
construction of v, _, and by terminal node 0 in the construction of other v, ’s.

The above two operations are implemented through algorithms decomp_f and decomp_g
which are called by algorithm decompose.

Lemma 3.1 Givena BDD v with variable ordering z, . . ., 24—y representing f(2o,. .., Tn_1)
and cut_set(vy,l) = {ug,...,up_1}, 2™ < k < 2™, the algorithm decompose returns m+ 1

-

(



()

Figure 4: Disjunctive decomposition

BDDs vy, vy, ..., v, such that

f(mfh #aey mn—-l) = f,(gU(IOs R 1'1.1—-])3 R 1gm-l(mﬁa el 13;!—1)‘, Liyueny :T"ﬂ—l)
where f’, go, ..., gm-1 are the functions denoted by vy, v, ..., v, _,, respectively.

Proof: Consider the behavior of an input pattern (bg,....b_) on vy, vy and vy,’s. Suppose
u; is the node we reach in vy using the input pattern, that is, eval(vy, (bo,...,bi—1)) = u;,
where u; = f(bo,...,bi—1,1,...,2%,-1). Since u; has been replaced by the ith bit of j in v,,,
eval(vg, (bo,...,b—1)) = b, that is, gi(bg,...,b—1) = bj,. Because of the way we construct
vy, eval(vpr, (bjy,. .., 05,._,)) = uj, that is,

f’(bjo, “on ,bjm_l,.'cz, N ,.’L‘n_l) =u; = f(bo, — ,bl_l,.’L',', ey ,;an_l).

Thus, f(go(boy---sbi=1)y- s Gm-1(bos- -y bic1)s 2ty ooy 1) = flboy ..y bict, @y oy Tact).

O

decompose(vy, culset) [+ cutset = {ug,...,0p_1},2" P <k < 2™ %/
vy = decomp_f(cutset, {Ym—-1,...,%0});
for (i = 0;1 < m; i++)
vy, = decomp_g(vy, cutset,1);
return vy and v,,’s;



decomp._f(cutset,ids)
cutset: an array of BDD nodes with 2™~! < length(cutset) < 2™
return: a BDD v with variables yo,..., ym—1, 21, ..., 0oy
{
ptr_id = 0;
while (length(cutset) > 1) { [+ do until cutsel becomes a single (root) node */
id = ids[ptrad ++];
v = 0; [+ pointer to cutsel #/
ptr = 0; [+ pointer to newset %/
while (i < length(cutset)) {
if (i == length(cutset) — 1) { [« the last element of cutset %/
newset[ptr ++| = cutset[i]; [+ just move it to newset *f
74 ¥ i is increased by 1 #/
}
else { /* create a new node with new variable y;4 #/
newset[ptr +4] = new_bdd(id, cutset[i + 1], cutset[i]);
i+=2; [ iis increased by 2 #/
}
}

for (j =0;7 < ptr;j ++) /¥ move nodes from newset to cutset #/
cutset[j] = newset[j];

return(cutset[0]); [ cutset[0] contains vy %/

}

decomp_g(v, cutset, i)
v: a BDD
cutset: an array of BDD nodes with 2™~ < lengih(cutset) < 2™
2: an integer between 0 and m — 1
return: vy,
{
~ for (j = 0;7 < length(cutset);j++) {
v; = cutset[j];
if (bit(i,7) ==0) [+ i bit from right of j #/
v = replace_node(v,v;,0); [« replace v; in v by 0 #/
else v = replace_node(v,v;,1); [+ replace vj in v by 1 #/
}
return v; [ as v, #f

}

Example 3.3 As an example of how decompose works, consider the BDD shown in Fig-
ure 3. Let the bound set be {zo,x,,22}. Therefore [ = 3 and cut_set(vy,2) = {g,h,i} =
{vo,Vv1,V2}, and m = 2. We can thus construct a decomposition of the form f'(go(zo, 21, 22),

9



(a) (b) (c)

Figure 5: (a) vyr (b) vyo(o) (¢) vy (1)

g1(zo, &1, T2), 3, 24). Consider the encoding of v = 00,v; = 01, and v, = 10. The BDD for
Vg, is obtained by replacing the nodes vg, vy, vy with the terminal node 0, 0, 1, respectively.
The BDD for v,, is obtained by replacing the nodes vy, vy, vo with the terminal node 0,1,0,
respectively (Figure 5).

Lemma 3.2 Givena BDD v with variable ordering z, . .., 2,-; representing f(zo,...,Zn-1),
the decomposition f(zg,...,2n-1) = f'(go(wos.. ., 21=1)s- s gi—1(Zos - ooy TI=1), Ty oo vy Tie1)
exists if and only if there exists some m < j such that 2™~' <| cut_set(v,l — 1) |[<2™.

Proof: INecessity: Since BDD is a canonical representation of Boolean functions, every
node u in cut_set(v,l— 1) represents a distinct function. For 2™~! <| cut_set(v,l—1) |, the
minimum J required to encode every element of cut_set(v,l{—1) is m.

Sufficiency: Follows from the decompose algorithm. O

4 Non-disjunctive Decomposition

Before describing how to perform non-disjunctive decomposition based on the BDD repre-
sentation, we extend the concept of cut_set in the following definition.

Definition 4.1 Given a BDD v representing f(xq,...,2u-1),
cut_set_nd(v, start,level,i) = {eval(w,1) | W € cut_sel(v,start — 1)},

where 0 < start < level < n,0 < i < level=start+l,

An alternative (and equivalent) definition is as follows. The set cut_set_nd(v,s,l,7) is
the set of BDD nodes u such that

1. u € descendant(v),

10



2. indez(u) > I,
3. uis in the path {xo,...,Ts—1,b5 ..., b @101,y Taey ), where 20790, + ...+ 208, = 4,

4. dw € descendant(v) such that index(w) < [ and either child)(w) = u or child,(w) =
u.

It can be seen that cut.set(v,level) is a special case of the above definition, that is,
cut_set(v, level) = cut_set_nd(v, level, level,0) U cut_set_nd(v, level, level, 1).

Example 4.1 The BDD in Figure 3 has cut_set_nd(a, 1,1,
{d,e}, cut_setnd(a,1,2,0) = {i}, cut_set.nd(a,1,2,1)
{h,i}, and cut_set_nd(a,1,2,3) = {g,h}.

Il

0) = {e,f}, cut_set_nd(a,1,1,1)
= {g,h}, cut_setnd(a,1,2,2) =

cut_set_nd(v,s,l,1)
{
if (index(v) < s)
return(cut_set_nd(child|(v), s, l,1) U cut_set_nd(child,.(v),s,1,2));
else if (s < index(v)&&index(v) < 1) {
Iy = 21-—-:'71(!61:(\')
if (k<q)
return(cut_set_nd(child)(v),s,l,1 — k));
else return(cut_set_nd(child,(v),s,1,7));

}

else return({v});

}

Given a function f, the non-disjunctive decomposition

flzoy o s@n1) = f(go(Toye -y Tsy ey Tiz1)y Gt (Tos- e By aceimy Bty Liggio e BlTigee » « 5 Bied)
is carried out in the following way.
We first construct a BDD v; with variable ordering »p < ... < x,_; and compute

the cut_set_nd(vy,s,1,1) for 0 < i < 2=+ (Figure 6 (a)). Let the size of the largest
cut_set_nd(vy,s,1,1) (cutset; for short) be k. The construction of vy as shown in Figure 6
(b) (where ¢ = 2!=3¥1 —1) is carried out in two steps. First, we construct v;,0 < j < k, such
that eval(v;,i) = u;; where u;; is the j** element in cutsct; (or the last element of cutset;
if 7 >| cutset; |.) Second, construct vy such that eval(vy,j) = v; for 0 < j < k—1 and
eval(v;:,j) =vifork—1< 3 < 3™,

To construct v,,,0 < p < m — 1, we replace cach node u;; (7" node of cutset;) from v;
by the terminal node whose value is b;, where b;, is the p'* bit from the right of integer j.

Note that, a node u may be the i element of cutset, and j* element of cutset, which
requires different encodings for u. This will not cause a problem because we can first dupli-
cate the node u and then assign each copy a different encoding. An alternative statement is
that if paths p; and p; both end at node u and require dilferent encodings b, and by, then
we let p; end at terminal node b, and p; end al terminal node b,.

The above algorithms are implemented through nd_decompose, nd_decomp_f and nd_decomp_g.

11



nd-decompose(vy, cutsets)
cutsets : {cutset; | 0 < ¢ < 2level-start+1y,
{
vy = nd_decomp_f(cutsets, {@i—1,. .., x5}, {Ym-1s-- -, Y0} );
for (p=0;p<m;p++)
vy, = nd_decomp_g(vy,culsels, p);
return vy and v, ’s;

}

nd.decomp_f(cutsels,idz,idy)
cutsets : {cutset; | 0 < i < 2level=start+1} with maa{| cutset; |} = k;
cutset;; : 7** element of cutsel;, or the last element of cutset; if § >| cutset; |;
tde : LBty eie s o)
idy : {Ym—1,---+Y0};
return: a BDD vy with variables yo, ..., ¥m—1,Ts,. oo Z1o1y e o oy Tnet;
{

for (j = 0;5 < k35 ++)

v; = decomp_f({cutset;; | 0 <1 < 20-5+1} idx);
v = decomp_f({v; | 0 < j < k},idy);
return vy

}

nd_decomp_g(vy, cutsets, p)
return: v

{

gp)

for (= 037 < 21574 4) |
if (eval(vy,r) == cutsel;;)
let eval(vy,,r) = bit(p,])

}

return Vs

}

Lemma 4.1 Givena BDD v with variable ordering o, ...,z representing f(zo,...,Zn-1),
and k = maz{| cut_set_nd(vy,s,l,1) [,0 <12 < ol=stly 9gm-1 < k < 2™, the algorithm
nd_decompose returns m + 1 BDDs vy, vy, ..., v, . such that

Flzos. « « sn=d) = FUGo{Bor e 5@ty « s @i lBose = « 5B Jo Bl g ovvinry Tligrn v v §Fmpect))

where f’,go,...,¢m-1 are the functions denoted by vy, v, ....,v, _,, respectively.

Proof: Consider the behavior of an input pattern (bg,...,bs,...,21—1) on vy, vy and vy 's.
Let eval(vy, (bo, ..., bs,...,bi_1)) = u;;, where i = =s+1) 4., .42%_;. Since u;; has been
replaced by b;, in vy, we have eval(v,,) = b;,. Then [rom eval(vy, (s 5005 B g 1) = W5
and eval(vj,1) = u;; = eval(vj, {bs,...,bi—1)), we have

eval(vyr, (bjyy ..., b bsy. .. bi1)) = uj; = eval(vy, (bo, ... bsu. .. bizq)). O

Jm—17
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Figure 6: Non-disjunctive decomposition

Example 4.2 One possible non-disjunctive decomposition of the BDD in Figure 3 with
respect to the bound set {zp, 1,22} and the free set {@s, 23,24} is shown in Figure 7. In
this decomposition, we use the following coding: {i = vgg,h = v} = cut_set_nd(vy,2,2,0)
and {g = vi0,h = vy} = cut_set nd(vy,2,2,1).

Lemma 4.2 Givena BDD v with variable ordering o, . . ., 2,1 representing f(zo, ... Zn-1),
the non-disjunctive decomposition

Flmay - « y8imt] = PG Ry p B Do o g it (Bl + voog Bl Yy Biggoin.s 5 8 Bidys + +g i)

exists if and only if there exist m < j such that 2™~! < maa{| cui_set_nd(v,s,1,7) |,0 <1 <
2-etl) < 97,

Proof: Necessity: The maximum of | cut_set_nd(v,s,[,i) |, 0 < i < 2'=**1 is the minimum
number of v,s, 0 < p < k, required in algorithm nd_decomp_f. Thus, the minimum j
required to encode each v, is m if k > gm=l,

Sufficiency: Follows from the algorithm nd_decompose. o

5 Multiple Output Functions

Given a vector of Boolean functions fy,..., [y on n variables, we can not extend the
concept of cut_set by taking the set union of the cui_sels for the individual functions.

m—1

To see this, consider the two extreme cases |J7y cul_sel(v;,0) (bound set size 1) and

13



(a) (b)

Figure 7: (a) v (b) v,

Uis! cut_set(vi,n — 1) (bound set size n). The cardinality of the former might be greater
than 2. This implies that more than two distinct functions must be implemented by a single
variable which is not possible. On the other hand, the cuf_set of the latter is always {0,
1}. This implies that m Boolean functions could be implemented by only one output line
which is again not possible. This is because even when a BDD node is shared by 7** and j*
functions, it should be treated differently.

Definition 5.1 Given a vector of BDDs (vq,...,V,—1) representing Boolean functions F' =
(foy -+ fm—1) on n variables. The multiple-output cui_set of I is the following set.
cut_set_mo((vo, ..., Vm—1), level) = {{eval(vp,i),...,eval(vin_1,1)) | 0 L i < plevel=17,

From the above definition, we can determine the upper bound and lower bound of the
cardinality of cui_set_mo based on the cuf_sets of individual functions. Let cutset; = |
cut_set(v;, 1 — 1) |, that is, the size of cut_set for output function f;. The maximum number
of different vectors that can be generated is 1175 cutset;. Thus, 1175 cutset; is an upper
bound. It is easy to see that the cardinality of cut_set_mo can not exceed 2' for bound set
size [. Thus, 2' is also an upper bound. The minimum number of vectors we can generate
for cut_set_mo is the maximum of cutset; for 0 < i < m. Thus, the cardinality of multiple-
output cut_set is in the following range:

maz{cutset;} <| cut_set_mo |< min{lI75 cutset;, 2'}.

Example 5.1 Figure 8 shows a two-output Boolean function where fo = @ @ y @ 2z and
fi = z @ z. Let the bound set be {z,y}, then the cut_sels of fy and f; are {a,b} and {a, b}
while cut_set_.mo = {(a,a), (b,a), (b,b),(a,b)}.

The concept of cul_set is based on the canonical property of the BDDs. The cardinal-

ity of a cut_set represents the number of distinct functions that need to be implemented.
EVBDDs are canonical representations of arithmetic functions, thus the cardinality of a

14
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Figure 9: Example of cut_set_ev

cut_set in EVBDD also represents the number of distinct arithmetic functions that need to
be implemented. The difference between these two representations is that each BDD node
represents a Boolean function while each EVBDD node represents an arithmetic function
(or a multiple output Boolean function with respect to some encoding). We therefore use
EVBDD:s to efficiently compute cut_set_mo as follows. F'is encoded as 2™ 1 +...+2%f5
and then implemented by a single EVBDD. The cut_set of this single output EVBDD is
equivalent to the cut_set_mo of the m BDDs.

Definition 5.2 Given an EVBDD v representing f(zg,...,: Tn—1)
cut_set_ev(v,level) = {evaly,(v,i) | 0 < i < 2level+1}
where 0 < level < n.

Example 5.2 The multiple output function in the previous example (Figure 8) represented
in EVBDD is shown in Figure 9 (a). Figure 9 (b) is the cut_set_ev(v,1).

Similarly, the cut_sets for non-disjunctive decomposition of multiple-output Boolean func-
tions and arithmetic functions are defined as the follows.

Definition 5.3 Given a vector of BDDs (vy,..., V1) representing Boolean functions I’ =
(foy--+y fm—1) on n variables.



cut_set_nd_mo((vg,...,Vm-1), start,level 1) =
{(eval(wo,7),. .., eval(Wp_1,1)) | {(Wo,...,Wm_1) € cut_sel_mo((vo,...,Vm_1),start — 1)},
where 0 < start < level < n,0 < i < level=start+1

Definition 5.4 Given an EVBDD v representing f(zq,...,2,-1),
cut_set_nd_ev(v, start, level,i) = {eval.,(w,i) | w € cul_sel_ev(v,start — 1)}
where 0 < start < level < n,0 < i < 2level—start+1,

7

6 Incompletely Specified Functions

When functions are incompletely specified, the detection of decomposability becomes very
complicated. For example, the compatibility in the Roth-Karp method is no longer an
equivalence relation. The determination of & compatible classes then requires solving the
minimum clique covering problem for the compatibility graph which is NP-hard [5].

A similar task has to be performed on BDDs. We first extend BDDs to include a third
terminal node dc to represent the constant function de. Next, we compute the cut_set as
before. Since each node in cut_set may represent an incompletely specified function, we need
to compute the compatibility between any two nodes in the cut_set so that a minimal & can
be found. The determination of compatibility between two BDD nodes, or the compatibility
between their corresponding functions, can be carried out by algorithm is_compatible. After
this step, the construction of compatibility graph and the computation of minimum clique
cover is the same as in the Roth-Karp algorithm.

1s_compatible(f, g) [+ fand g are BDDs with dec %/
{
if (f == dc || g == dc || f == g)
return 1;
H(f==08g==1|f==14&kg==0)
return 0;
if (indez(f) > index(g)) {
g = child|(g);
g, = child,(g);
}
else { g1 =8 =8;}
if (index(f) < index(g)) {
f; = child(f);
f, = child,.(f);
}
else {fi=1,=1;}
return(is_compatible(f;, g;) && is_compatible(f,, g.));

}

16



7 Decomposibility

In the previous sections, we showed how to compute cul_sel by using rotate. In this section,
we first show how to compute the cut_sets for all bound sets by using EVBDD representation.
We then show how to compute the cut_set in place for a given bound set.

Our method is based on the encoding of columns of the decomposition chart. Decom-
posability is determined by the number of distinct columns (i.e., bit vectors corresponding
to the columns.) Therefore, this is equivalent to computing the cardinality of a set of bit
vectors. By encoding these bit vectors, we may transform the process to computing the
cardinality of a set of integer vectors. In the same way thal a bit vector corresponds to a
BDD node, an integer vector corresponds to an EVBDD node. For example, the column in
Figure 10 (a) corresponds to the EVBDD node (not reduced for readability) a in Figure 10
(e), while the column in Figure 10 (d) corresponds to node d in Figure 10 (g).

Now we show how to include (or exclude) a variable into (or from) a bound set. Consider
the decomposition chart in Figure 10 (a) which has an empty bound set. Including z in the
bound set corresponds to the decomposition chart shown in Figure 10 (b). To exclude z from
the bound set, or to avoid @ being included in the bound set, we first rearrange the minterms
such that Zu and zu become adjacent where u = {yz,yz, jz,yz}. This is shown in Figure 10
(c). We then encode the pairs of minterms Zu and zu as 2zru + Tu which will result in the
decomposition of Figure 10 (d). The effect of this operation is that variables y and z can be
later included in the bound set but variable x is permanently excluded from the bound set.
By repeated application of the two operations include_in_set and exclude_from_set, we can
generate the decomposition charts for all bound sets.

The inclusion or exclusion of a variable in a bound set can be performed on EVBDDs
without having to move the variable to the top. First, to include the top most variable in
the bound set, we collect its left and right children to form a set. For example, to include
@ in the bound set, we form {childi(a), child,(a)} = {b,c}. This is shown in Figures 10 (e)
and 10 (f). To exclude the top most variable from the bound set we perform the EVBDD
arithmetic operation 2 % childi(a) + child.(a). This would be 2+ ¢ + b = d as shown in
Figure 10 (g). Figures 11 (a) and 11 (b) show how the variable y is included and excluded
from the bound set, respectively. Note that the encoding now is dyu + yu,u = {z, z}.

After the application of the above two operations, we determine the cardinality of cut_set
for each bound set. The number of distinct columns in Figure 10 (b) is 2 and the correspond-
ing cut_set in Figure 10 (f) is | {c,b} |= 2. The number of distinct columns in Figure 10 (d)
is 1 and the size of the corresponding cut_set in Figure 10 (g) is | {d} |= 1.

Algorithm decomp_all computes the cardinality of cul_sel for every bound set. decomp_all
should initially be called with var_set = ¢, node_set = {rool_node}, and level = 0. The
routine returns the set {(b,k) | b is a bound set, & is the cardinality of the cut_set of b
}. Subroutines include_in_set and exclude_from_set perform the variable inclusion and
exclusion operations.
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decomp_all(var_set,node_set, level)
{
if (level == n)
return({(var_set, | node_set |}});
inc_set = include_in_set(node_set, level ),
exc_set = exclude_from_set(node_sel, level);
I = decomp_all(var_set U {&eper}, inc-set, level + 1);
r = decomp_all(var_set, exc_set, level + 1);
return(/ U r);

include_in_set(node_set, level)
{
new_set = ¢;
for each node u € node_set {
if (index(u) == level)
new_set = new_set U {child(n), child,(u)};
else /* indexz(u) > level */
new_set = new_set U {u};

}

return new_set;

}

exclude_from_set(node_set, level)
{
new_set = ¢;
for each node u € node_set {
if (index(u) == level)
new_set = new_set U {22 % childi(u) + child,(u)};
else [+ index(u) > level x/
new_set = new_set U {(22°"" + 1) xu};
}

return new_set;

}

Since there are 2" different bound sets for an n variable function, the computation of the
cut_set for all of them is very expensive. We can however replace the first if-statement in
decomp_all by

if (level ==n || | var_set |==k),

then decomp_all becomes a routine for computing the cardinality of cut_set for every bound
set whose size is less than or equal to k. Further speed-ups can be obtained, if we restrict
the search to simple disjunctive decomposition.
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To assign a unique encoding for each EVBDD node, we need integers with 2/***! bits. This
is clearly very expensive. One way to overcome this difficulty is to relax the uniqueness con-
dition. Then, two different EVBDD nodes representing different functions may be assigned
the same encoding. As a result, the size of cut_set for a bound set may be underestimated.
The algorithm decomp_all can then be used as a filter of searching for all bound sets whose
cul_set have size less than some value £.

A naive way to compute the cul_set for every bound set is to move the bound variables
to the top of the BDD. Compared to this approach, the EVBDD-based approach has the
following advantages. Firstly, it is well known that the size of BDD is very sensitive to the
variable ordering (at least in many practical applications [8].) By moving bound variables
to the top will change the variable ordering. The EVBDD-based method will not change the
variable ordering. Secondly, after the variable inclusion or exclusion operation, the number
of EVBDD variables will decrease by 1. On the other hand, the number of variables in the
direct variable exchange approach is never reduced. The performance comparison of these
two approaches is presented in Section 9.

Without using the encoding scheme as described above, we can also use vectors of BDDs
to compute the size of cut_set for all bound sets. What we need to do is to replace ev-
ery EVBDD node by a vector of BDD nodes in algorithms decomp_all, include_in_set and
exclude_from_set. For example, EVBDD node d in Figure 10 (g) represented by a vector of
BDDs is (c,b). Unfortunately, this is very expensive because the length of vectors is O(2").

Instead of using decomp_all to compute the cui_sei size for every bound set, we can
modify it to compute the cut_set size for any given bound set in place. Again, we can use both
representations, BDD or EVBDD. In the following, we present algorithm cuf_set_in_place
which uses EVBDD representation.

cut_set_an_place(bound_set, node_set, level)
/+ assuming bound variables are ordered by their indices #/
{
if (bound_set == ¢)
return(| node_set |);
if (index(first(bound_set)) == level) {
new_node_set = include_in_set(node_set, level);
return(en_place_cut_set(rest(bound_set). new_node_set, level 4 1));
}
else {
new_node_set = exclude_from_set(node_set, level);
return(in_place_cul_set(rest(bound_set), new_node_set, level + 1));
}

}

8 Application to FPGA Mappings

Much work has been done on the synthesis of Look-Up Table (LUT) based FPGAs [4, 6, 9].
However, most of the work focuses on the XC3000 type device. The latest generation of the
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Xilinx FPGA devices, i.e., XC4000, contains a number of architectural and technological
improvements that allows densities up to 20K equivalent gates and support clock rates up to
60MHz. Among the important architectural improvements that contribute to the XC4000
family’s, increased logic density and performance is a more powerful and flexible configurable
logic block (CLB). A simplified block diagram of the combinational logic part of this CLB
is shown in Figure 12. One key issue in synthesis for XC4000 device is to obtain maximal
utilization of the CLBs provided on the device. The function decomposition theory developed
in previous sections provides an efficient and effective solution to this problem.

Nine different patterns of XC4000 device are recognized for mapping to diffenert types
of functions (Figure 13). Among these patterns, the first two patterns are the most inter-
esting and cost effective. Note that the part enclosed by dotted box in the second pattern
Figure 14 can be interpreted as an instance of non-disjunctive decomposition. To have such
an interpretation, consider the following decompositions:

(X g, Xy ) =  FF(XDGIX; ) T v i)
/l(wfa .'Ifg,lF]“ .. )
= fZ(II(mI?$953:11)7'1'I1‘")

In the first decomposition (f to fi), variables X and X, are bound variables with respect
to the functions F' and G. In the second line of the above equation, we replace F'(X) and
G(X,) by variables z; and z,. Then, in the second decomposition (fi to f2), variable z; is
both a bound variable and free variable.

We show how to use the techniques introduced in this paper to map Boolean functions
to the first two patterns of Figure 13. Given a BDD v representing f(zo,...,zq—1), two sets
of variables X; and X, each containing at most 4 variables, and a variable x, the following
algorithm pattern(v, Xy, X,, z) returns 1 if {X;, X, 2} can be mapped to the pattern in
Figure 13 (a); returns 2 if it can be mapped to the pattern in Figure 13 (b); otherwise it
returns 0. The sets of variables X; and X, can be computed by the method described in
Section T.
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Figure 14: Non-disjunctive decomposition point of view of pattern (b)

[N}
b



match_pattern(v, Xy, X,, a3)

{

1 for (i=0;:<| Xy ;2 +4)
2 v = rotate(v, Xy,);

3 cset = cut_set(v,| Xy | —1);
4 if (] eset |> 2) return 0;

5 v =decomp_f(csel,{xs});
6 for (i=0;i<| X, |;i4++)
7 v = rotate(v, X,);

8  cset = cut_set(v,| X, | =1);
9  if (| eset |> 2) return 0;

10 v = decomp_f(cset,{z,});
11 v = rotate(v,zy);

12 cset = cut_set(v,2);

13 if (| eset |> 4) return 0;

14 if (| eset |< 2) return 1;

15 if (| cut_setnd(v,2,2,0) |< 2 && | cut_selnd(v,2,2,1) |<2)
16 return 2;

17  else return 0;

[——

The algorithm match_pattern is straightforward. The first stage (lines 1-5) is to move
the variables X to the top and compute the cut_set with respect to X;. If the cut_set size is
greater than 2, Xy cannot be mapped to a single LUT. The second stage (lines 6-10) is the
same as the first stage except the variables in X, is used. The third stage is simple because
xy is a single variable. Line 12 computes the cut_set with respect to variables z; , z, and
zs. If the cut_set size is greater than 4, then it requires more than two outputs. Neither
patterns can be mapped (line 13). On the other hand, if the cut_set size is less than or equal
to 2, the first pattern is detected in line 14. Finally, if the conditions imposed in line 15 for
non-disjunctive decomposition are satisfied, then the second pattern is detected; otherwise
no pattern can be mapped.

To cover the case of non-disjunctive decomposition such as the pattern shown in Figure 15,
lines 3-5 in pattern are modified as follows:

3 cset[0] = cut_set nd(v,| Xy | =1,| X5 | —1,0);
cset[l] = cut_setnd(v,| X; | —1,| Xy | =1,1);

4" if (| eset[0] |> 2 ||| eset[1] |> 2) return 0;

5 v = nd_decomp_f(cset, {z;});

Note that line 3’ assumes that there is only one variable (the last one in X;) which is both
in the bound set and free set. Modifications to allow more than one shared variable are
straightforward.
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Figure 15: Non-disjunctive mapping for the XC4000 device
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9 Experimental Results

The BDD-based decomposition algorithms described in this paper have been implemented
in C and incorporated into the SIS package. In order to evaluate the effectiveness of these
algorithms, we compared our program with the Roth-Karp decomposition algorithm imple-
mented in SIS as part of the Xilinx FPGA synthesis tool. In particular, we used the following
commands on a number of menc91 benchmark sets:

1. “xlk_decomp' -n 4 -d -f 100” which for every node in the Boolean network, finds the the
first bound set of size < 4 that reduces the node’s variable support after decomposition,
and then decomposes the node, and modifies the network to reflect the change.

2. “xl.k_.decomp -n 4 -e -d -f 100" which is similar to (1) except that it finds the best
bound set (the one that has the least cost based on a quick estimation procedure)
among all the bound sets of size < 4.

We provided equivalent BDD-based implementation of these two SIS commands.

Results are shown in Tables 1 and 2. We stopped the processes which took more that
5000 cpu seconds on a Sun Sparc-Station 2. We obtain significant speed-ups in either case
(by an average factor of 17.2 in the first case and 35.4 in the second case). We believe this
is due to our efficient BDD and EVBDD representations. Note that although faster, our
program has more memory requirements.

When checking for the decomposability of a given function (examining all bound sets), we
implemented two options: a straight-forward variable rotation scheme that moves variables
of the bound set to the top of the BDD (ROTATE) and an encoding scheme using EVBDDs
(EVBDD). Table 3 shows our comparative results. Here, we only searched for bound sets
of size 4 and simple decomposability (cul_set size of < 2). The EVBDD based approach is
faster by a factor of 1.5.

10 Conclusions

We presented BDD-based algorithms for disjunctive and non-disjunctive decomposition of a
Boolean function given a bound set of variables. We also presented the theory for incom-

Y2l_k_decomp does not cover the circuits whose input sizes are greater than or equal to 32.
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Circuit | inputs | outputs | karp | EVBDD | Speed-up
5xpl 7 10 1.6 0.7 2.3
9sym 9 1 3.3 0.9 3.7
apexd 9 19 1317.6 45.2 29.2

misex3 14 14 1638.8 160.2 10.2

misexJ3c 14 14 177.4 24.9 7.1

Z5xpl 7 10 2.7 2.0 1.4

misex2 25 18 1.8 0.6 3.0
sao2 10 4 6.0 0.8 7.5
xord 5 1 0.3 0.2 1.5

b12 15 9 2.2 0.6 3T

ex1010 10 10 > 5000 49.4 > 101.2

squard 3 8 0.6 0.5 1.2

Z9sym 9 | 4.8 1.5 3.2
t481 16 | 36.8 2.6 14.2
alud 14 8 4458.8 138.2 32.3

table3 14 14 838.7 410.0 2.0

tableb 17 15 1213.4 1027.0 1.2

cordic 23 2 397.9 5.9 67.4

vg2 25 8 44.3 1.3 34.1
seq 41 35 NA 59.1 —
apexl 45 45 NA 17.4 -—
apex?2 39 3 NA 94.3 —
apex3 54 50 NA 58.3 —
eG4 65 65 NA 7.7 —

Average 17.2

(S]
n

Table 1: Finding the first decomposable form with bound

set size < 4



Circuit | karp | EVBDD | Speed-up
5xpl 31.1 2.9 10.7
9sym 513.6 3.7 138.8
apex4 | 2544.8 49.8 51.1

misex3 | > 5000 | 381.9 13.1

misex3c | > 5000 | 131.8 37.9
Z5xpl 31.4 4.3 7.3

misex2 | 416.8 87.7 4.8
sa02 337.9 23.6 14.3
xord 2.0 0.3 6.7

b12 74.3 6.4 11.6

ex1010 | > 5000 48.5 > 103.1

squard 4.3 0.9 4.8
Z9sym | 508.2 4.2 121.0

t481 | > 5000 | 62.1 > 80.5
alud > 5000 | 124.5 > 40.2

tabled | > 5000 | 318.6 > 15.7
tableb | > 5000 | 1225.8 > 4.1
cordic | > 5000 | 1331.7 > 3.8

vg2 > 5000 | 2051.3 > 2.4

seq NA > 5000 =
apex] NA > 5000 —
apex2 NA > 5000 —
apex3 NA > 5000 =—

e6d NA > 5000 —

Average 35.4

Table 2: Finding all decomposable [orm with bound set size < 4
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Circuit | ROTATE | EVBDD | Speed-up
hxpl 1.1 14 1.0
9sym 1.9 1.2 1.6
apex4 33.9 29.4 1.2

misex3 228.6 79.0 2.9

misex3dc 39.9 22.9 1.7
Z5xpl 2.4 2.4 1.0

misex2 19.7 11.5 1.7
sao2 3.9 2.9 1.3
xorH 0.2 0.3 0.7
b12 2.5 1.2 2.1

ex1010 44.4 31.8 1.4

squard 0.5 0.6 0.8

Z9sym 23 1.8 1.3
t481 17.0 163 L1
alu4 95.8 53.1 1.8
table3 173.8 88.2 2.0
tableb 410.4 286.3 1.4
cordic 107.4 67.7 1.6
vg2 146.7 105.4 1.4

seq > 5000 2588.2 >1.9

apexl > 5000 > 5000 1.0
apex2 > 5000 > 5000 1.0
apex3 > 5000 > 5000 1.0
e4 > 5000 > 5000 1.0

Average 1.5

Table 3: Comparing methods based on ROTATE and EVBDD







pletely specified and multi-output function decomposition using BDDs. We described an
EVBDD-based procedure for efficient computation of all the bound sets that make the func-
tion decomposable. We showed that these ideas can be used to detect the most interesting
and cost effective patterns of the Xilinx XC4000 device on a BDD representation of the func-
tion. This provides the first step toward developing an FPGA synthesis tool that directly
maps BDDs into Look-Up Table based FPGA devices without resorting to conventional
(algebraic) optimization and restructuring techniques.

In comparing our results with the SIS implementation of the Roth-Karp technique, we
achieves an average of 17.2 speed-ups in runtime in searching for the first decomposable form
and an average of 35.4 speed-ups when all the decomposable forms are examined.

Our future work will focus on developing a BDD-based FPGA synthesis tool.
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