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Abstract

In multiprocessor systems, iterative algorithms can be implemented synchronous-
ly or asynchronously. The choice depends mostly on performance. Unfortunately, few
guidelines exist to make that decision. In this paper, we compare the execution times of an
asynchronous iterative algorithm and of its synchronous counterpart for a class of asyn-
chronous iterations which includes iterations with monotone mappings. Synchronization
overhead and communication times are neglected in order to focus on the effect of asyn-
chronism on the convergence rate.

Under some assumptions, we derive an analytical model. In this model, Q tasks
with identical and independently distributed execution time distributions execute on P
processors. Using simulations as well as analytical models, we show the effects of execu-
tion time fluctuations, of the number of processors and tasks, of the scheduling policy and
of the amount of coupling among iterate components. The models show that the asynchro-
nous iteration may be up to twice as slow as the synchronous one. This worst case is
achieved when the processing time fluctuations are very small.

Keywords: iterative algorithms, asynchronous algorithms, multiprocessors, synchronization, per-
formance analysis.



1. INTRODUCTION

The goal of parallel processing is to reduce execution time by running concurrent and cooperating
processes on multiple processors. Parallel processes communicate and synchronize by accesses to
shared writable data or by message-passing mechanisms. The way in which these communication
and synchronization mechanisms are supported has great impact on system performance. In this
paper we focus on iterative algorithms, in which an operator is applied to a set of data repetitively
until convergence. In a multiprocessor, consecutive iterations are separated by a barrier synchro-
nization. Barrier synchronization is a common synchronization mechanism often supported by the
hardware and which defines a point in the execution of a parallel program such that no process
can pass the barrier unless all other processes have done so [1]. Barriers are not needed in asyn-
chronous implementations of iterative algorithms and therefore an asynchronous iteration has the
potential of being tolerant to very large communication and synchronization latencies. Unfortu-
nately, the convergence rate of an asynchronous iteration may be less than that of its synchronous
counterpart because processors never wait for fresh values of iterate components. The goal of this
paper is to evaluate through simulations and analytical models the effects of asynchronism on the
convergence rate of iterative algorithms for an important class of iterations including iterations

with monotone mappings.

Most iterative algorithms, both for numerical and non-numerical data, can be described by
an operator F repetitively applied to some data x of dimension n > 1 starting with an initial value

x(0). Such algorithms are represented as follows:
x;(k+1) = F(x(k)), k=0, 1,.. (1)

for all i = 1, 2,.., n, and where x(k) = (x,(k),x,(k),...,x,(k)) is the value of
x = (x, Xy, ...,x,) at the k-th iteration. In a multiprocessor different components can be com-
puted in parallel by different processors in each iteration. The strict application of (1) results in a
synchronous iterative algorithm (synchronous iteration), in which each processor has to wait for

all the new values of all components before starting the next iteration. By contrast, in asynchro-



nous iterative algorithms (asynchronous iterations), processors are not required to wait for the
new values produced by other processors. Rather the components are updated at arbitrary time

instances and a new value of the i-th component is produced at some time instance ¢ according to:

x;(f) = F, (i (1))

where the values of the components of u"(t) were generated before 7. Lti(l‘) is called the input at t
for the i-th component. x(t) denotes the value of x at time 7. For notational convenience, we
assume that the computations start at # = 0 and that the initial data x(0) are generated at t = — oo,

Notice that this definition covers a large class of algorithms, including synchronous iterations.

Without any restriction on the timing of computations in an asynchronous iteration, it is
not possible to guarantee its convergence. The minimum requirements for the convergence of an

asynchronous iteration are as follows.

1. For each time instance f of the execution of an asynchronous iteration, there exists an
instance £ > ¢ such that all the components are updated between ¢ and ¢’ (Progress of

updates).

2. For each time instance ¢ of the execution of an asynchronous iteration, let T(f) be the
largest time instance such that all the updates after  never use input components gener-
ated prior to T(£). Then the sequence 1(f) must tend to infinity as ¢ goes to infinity

(Progress of inputs).

Asynchronous iterations satisfying these conditions are called totally asynchronous [S]. Such

asynchronous iterations only exclude starving computations.

There has been a considerable amount of work in the literature on the convergence condi-
tions for totally asynchronous iterations [2, 4, 5, 6,7, 9, 13, 14, 15, 18, 20, 21, 22, 23, 25, 26, 27].

The most general result can be stated as follows [5, 7, 27].



Proposition 1. Let {X(k)} be a sequence of sets such that
oX (k) = X, (k) xX, (k) x...xX, (k),forall k.

o{flc..cX(k+1)cX(k)c...cX(0)cX for all k and furthermore all
sequences {z(k)} such that z(k) € X(k) for all k converge to §, where & is the unique

fixed point of F in X(0).
oF(x) € X(k+1), for all k and x € X(k).

Then, all asynchronous iterations corresponding to F and starting with some x(0) in X(0) con-

verge to &,

We will not give a complete proof here, but for later reference we will state the key inter-
mediate result as a lemma. Let {@(k)} be a non-decreasing sequence of time instances starting

with zero such that
e All the components are updated within the time interval (@(k), q)(k+l)].l
e All the updates after ¢(k) use input components generated after @(k—1).

Also let @;(k) be the first time within the interval (¢(k), @(k+1)] at which the i-th compo-

nent is updated. Then the following lemma holds.

Lemma 1. Under the conditions of Proposition 1
12, (k) = x;(1) € X; (k)

This lemma can be proven by mathematical induction. For more details, the reader should refer to
[27]. Since all the components are updated within the interval (¢(k), @(k+1)] x(7) indefinitely

enters X(k+1) after @(k+1), i.e.,

12 (k) =x(t) e X(k) forallk>0 2)

1. (a, b] denotes the set of real numbers {x|a <x<b}



Any sequence {(p(k), @(k+1)]} of time intervals satisfying the above property (2) is called a

pseudo-cycle sequence.

This paper addresses the problem of the efficiency of an asynchronous iteration with
respect to its synchronous counterpart. In particular, we would like to know the performance
effect obtained by simply removing the synchronization points at the end of each iteration of a
synchronous iterative algorithm. Few authors have tackled this performance problem by using
various models. In [6] and in [7, section 6.3.5], two important classes of iteration operators,
namely monotonic and contracting operators, were considered in the context of message-passing
systems and under the assumption that the messages in the system are received in the same order
as they are sent. The analysis is applied to iterations with various degrees of coupling among iter-
ate components. It is concluded that an asynchronous iteration cannot be slower than its synchro-
nous counterpart, provided that the computation of each component takes one time unit and that
the synchronous version suffers delays of at least one time unit between iterations due to the com-
munication of recent data. It is not clear how the results of [6] can be applied when the computa-
tion times are not constant. In [12], which deals with shared-memory multiprocessors, the
convergence issues are ignored but conflicts for memory and for critical sections are modeled. In
[25], it is shown that, under a set of conditions, asynchronous distributed algorithms have good

communication complexity in the sense that the message traffic they generate is not excessive.

There are many factors affecting the efficiency of multiprocessor algorithms and it is
impossible to include them all in the same model. For example, in shared-memory systems, the
performance of iterative algorithms is affected by the following factors: overhead caused by the
execution of synchronization primitives, processor allocation and scheduling overhead, software
lock-out on critical sections, memory access conflicts, and timing of shared memory updates (ie.,
some efficiency is lost because of explicit waits in the synchronous case and of implicit delays in
utilizing the most recent data in the asynchronous case.) In this paper, we focus on this latter

effect. We introduce a model to evaluate the effects of variable computation times on the conver-



gence rate of asynchronous iterations.

The basic model of Section 2 restricts the class of operators to which the results of this
paper are applicable. Sections 3 and 4 refine the model of Section 2 for the cases of strongly cou-
pled and of partially coupled computations, and present the results of simulations and of an ana-
lytical model based on tasks with independent and identical distribution of their execution times.

Finally the contributions of the paper are highlighted in Section 5.

2. GENERAL MODEL

In this section, we describe the general computational model of this paper. The notations and

assumptions stated here will hold throughout the paper without further mentioning explicitly

Figure 1. An asynchronous iteration.
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2.1. Architecture Model

We consider a multiprocessor system with P processors. The set of processors in the system is £=
{Pg, P{,.... Pp_}. The components of x are partitioned into Q subsets (Q = P). Each partition
forms a task which is an indivisible unit of execution: from its beginning until its end, a task is
executed by the same processor without interruption. The set of tasks is T= {Tp, T1,.... Tp—1 }.
Each task is executed infinitely many times. All the activities regarding the update of each com-
ponent in a partition, including fetching the current value of the shared data, computing the com-
ponents and updating the global store are performed in the associated task. A time interval that
covers all these activities of a task 7, is called a task interval of T, and is denoted 77,. An asyn-
chronous iterative algorithm (asynchronous iteration) corresponds to an allocation of each task to

infinitely many time slots of available processors (Figure 1). We make the following assumption.



Assumption 1.

e The length of each task interval is finite and in a finite period of time all the components

are updated.

e The processors never stay idle except at the synchronization points between the itera-
tions. The execution time of the synchronization primitives and the overhead due to

other type of synchronizations (if any) such as critical sections are ignored.
e The task intervals of the same task never overlap in time.

Although no particular architecture is specified, this model is more useful for shared mem-
ory systems. The first condition is required to enforce total asynchronism. The second condition
eliminates the kind of overhead which is associated with the synchronous iteration. The major
restriction is the third (non-redundancy) condition. Although the results are derived under this

condition, they are still good approximations when a small amount of redundancy is allowed.

2.2. Restriction on the Iteration Operator
Let us now further restrict F in the following manner.

Assumption 2. Let R(k) be defined as R(k) = X(k) — X(k+1), for all k. Then,

xe R(k) > F(x) e R(k+1) forallk.

This restriction simply states that the application of the operator to some data in R(k)
moves the data to X(k+1), but not any further, i.e., not to X(k+2). If we define the age A(x) of x as

the largest integer that satisfies x € X(A(x)), then it can be restated as A(F(x)) = A(x) + 1.

The main problem addressed in this paper is the comparison between the convergence rate
of an asynchronous iteration 4 corresponding to F and starting with x(0) € R(0) and the conver-
gence rate of its synchronous version starting with the same initial vector. The synchronous ver-

sion can be represented by y(k) = F(y(k—1)) for all k, where y(k) is the value of the data at the end



of the k-th iteration. Given Assumption 2, the iterates in the synchronous algorithm enter R(k), at

the end of the k-th iteration, for all k.

The execution time of an iteration is the time it takes for the iterates to indefinitely enter a
certain domain X(M). From the definition of pseudo-cycle sequence, the execution time is no
more than M pseudo-cycles in the asynchronous case and, from Assumption 2, it is exactly M iter-
ations in the synchronous case. Therefore the ratio between the asynchronous and synchronous
execution times is upper-bounded by the ratio between the average pseudo-cycle time and the
average synchronous iteration time. This result, derived from Assumption 2, is key to all eval-
uations in this paper. Without this assumption on F the results would not always hold because,
in general, the synchronous version might “luckily” hit the solution in an arbitrarily small number

of iterations.

The class of iterative algorithms satisfying Assumption 2 includes iterations with mono-
tone mappings. A monotone mapping fis such that if x <y then f(x) <f(y) . Important examples
of algorithms with monotone mappings are: Linear iterations involving non-negative matrices, the
Bellman-Ford algorithm for the shortest path problem, the successive approximation algorithm
for infinite horizon dynamic programming, and dual relaxation algorithms for linear and non-lin-

ear network flow problems [6, 7].

Let {@,,;,(k)} be the minimum pseudo-cycle sequence corresponding to an asynchronous
iteration 4. In other words, for all pseudo-cycle sequences and for all k, @,,;,(k) < @(k). Also let
®,,in and I denote the average pseudo-cycle time of {¢,,,;,(k)} and the average iteration time of the
synchronous version, respectively. These averages are taken over all the pseudo-cycles (or itera-
tion) of one execution. The ratio between the asynchronous and synchronous versions of the same

algorithm is called the slowdown factor and is denoted by S. Then,

M q)min

o n
8 MxI



The value of ¢,,;, depends on the coupling among iterate components. In the following section,

we analyze the case of strong coupling.

3. STRONGLY COUPLED ITERATION OPERATORS

For a given iteration operator F, the worst we can expect is that, in each pseudo-cycle, each task
needs the outcome of all the tasks executed in the previous pseudo-cycle in order to make any
progress towards the solution. This is the situation where the “coupling” among the tasks is the

strongest possible.

3.1. Description of the Model

We define strong coupling by the following Assumptions 3 and 4. The first one restricts the com-

putational model and the second one describes the condition on the iteration operator F.

Assumption 3. The components computed in each task interval Tl are released only at the end of
TI T Furthermore, the values of input components used for these computations are the ones avail-

able at the start of Tl

The age A;(x;) of component x; is defined as the largest integer such that x; € Xy(A(x;))
and the age A(x) of x 1s the M inj{A j(x /-) }. When a task is allocated to multiple components, the age

of the task is also defined as the age of its components.

Assumption 4. For all x and i the iteration operator F satisfies

A (F;(x) = Min{A;(x)} +1 = A(x) +1
J

For strongly coupled iterations, we define the following sequence {¢'(k)}.

Definition 1. {@(k)} is the increasing sequence of time instances starting with zero such that for
all k, the time interval (¢ (k), ¢ (k+1)] is the smallest interval that covers at least one task interval

of each task.



Let ¢' be the average pseudo-cycle length of {¢'(k)}. The following proposition shows that

under the above assumptions, ¢' is the exact estimate of ¢,,,,.
Proposition 2. 1 < ¢'(k) = x (t) ¢ X(k), for all k> 0.

Proof. We can prove this claim by induction. Since there exists a component x; which is not
updated before @'(1), the age of x; and therefore the age of x is O prior to ¢'(1). This proves the
proposition for k=1. Suppose that it also holds for k=1,2,...,[. Consider the first task interval 71,
on a processor P, covered by the [+1-th pseudo-cycle of {¢'(k)}. Because of Lemma 1 each com-
ponent x; updated in 77, indefinitely enters X,(I+1) right after 77,,. If components x; updated in 77,
are also updated right before 77, within the /+1-th pseudo-cycle, the input for this update is gener-
ated earlier than @'(/); therefore it is not in X() and the updated component x; at this instance can-
not be in X;(/+1). This means that x does not enter X(/+1) before the processors execute at least
one instance of each task in the /-th pseudo-cycle. This proves the proposition for k=/+1 and the

claim follows. a

Since the iterates indefinitely enter X(k) after @'(k) and since @'(k) is the earliest such

instance, an asynchronous iteration under the assumption of this section takes exactly M pseudo-

q)mill _ q)'

I I

cycles of {¢'(k)} and the slowdown factor § can be written as S =

Figure 2(a) shows an iteration of a synchronous algorithm for 5 tasks and 3 processors. A
pseudo-cycle of a corresponding asynchronous algorithm is in Figure 2(b). We observe that in the
synchronous case all the processors restart right after the previous iteration, whereas in the asyn-
chronous case only one processor restarts right after the previous pseudo-cycle (P in the figure).
From Proposition 2, the tasks starting before the k-th pseudo-cycle and completing within the k-th
pseudo-cycle do not increment the ages of their components and they must be considered

“wasted.”

We can identify three parts in the total processor time ¢(k)eP spent in the k-th pseudo-

cycle of an asynchronous iteration, as follows.

10



e Part 1: ¢;(k)eP. Let d,,(k) be the time from the beginning of a pseudo-cycle & until the
first processor initiation on PP‘ Then ¢;(k)eP is defined as the sum of all dp(k)’s. (For
example, in Figure 2(b), it is equal to d;(k) + dy(k)). Note that there are up to (P—1)

nonzero dy(k)’s.

e Part 2: ¢,(k)eP. This is the total “useful” work in the pseudo-cycle including the first full
execution of each task. (For example, in Figure 2(b), it is the total processor time cov-

ered by Tj) through T}).

e Part 3: ¢3(k)eP. This is defined as the sum of all ep(k)’s, where ep(k) is the time wasted

by P), after the completion of its useful work in the k-th pseudo-cycle.

In the rest of the paper, ¢, ¢2, §3, d,,, and ¢, denote the average quantities taken over k. Each of

these three parts of the pseudo-cycle must be estimated, either analytically or by simulations.

Figure 2. Iteration time and pseudo-cycle time

: i ; :

5 Ty l blocked 2 time (Pg)
: T, T3 ; time (P)
: T, f time (P5)
! blocked '

R <] — — L ceee —P
z z |

- |

(a) Synchronous Iteration
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(b) Asynchronous Iteration
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3.2. Probabilistic Analysis

In this section, we use the approach in [19] to derive estimates of ¢', / and S. For the analytical
derivations, the following restriction on the distribution of the task intervals must hold and will be

assumed throughout the section.

Assumption 5. The task interval lengths are independent and identically distributed (i.i.d.) ran-
dom variables drawn from the same distribution function with increasing failure rate (IFR) with

mean \L and variance G

A distribution function G(x) is said to be IFR if G(0) = 0 (i.e., it is the distribution function

of a positive random variable) and if for all zy >0

1 -G (x+xp)

— —  is monotone decreasing in z.
1 -G (x) ©

When G has a density g then this is equivalent to

g (x)

-~ ~ _ i{s monotone increasing in z.
=G (x) 5

[FR distributions include: Exponential, Gamma with /c=1, Weibull, Truncated Normal
(i.e., Normal constrained to be positive), Uniform on the interval (0, A) for any A>0, and Constant

= A for any A>0.

In practice a task interval is made of a succession of operations. The length of the task
interval is the sum of the (random) times taken by each individual operation. In computations that
are not data dependent, such as iterative solutions of linear systems of equations, the distribution
of the task interval lengths tends to a truncated normal distribution as a consequence of the central
limit theorem. (We can consider each task interval as a batch of small tasks as in [19].) When the
fluctuations are dependent on the data, Assumption 5 may be difficult to justify. It may not even

be appropriate to assume that task interval lengths are random.

12



3.2.1. Synchronous Case

When Q=P, the average synchronous iteration time is the mean of the largest order statistics
among P random variables [10]. In general, let us denote the expected value of the maximum of P
independent variates (the P-th order statistic) each with cumulative distribution function G(x) by

i p. p (the superscript will be clarified later). Then,

I
X( )p,p = E(Max (x,, Xy, ..., Xp) )

Assuming to simplify that G(x) is continuous (the argument also hold in the case of a dis-

crete distribution), the cumulative distribution function of the P-th order statistic is
Fp(t) = Prob{all x;<t} = G' (1)

and since x is nonnegative,

XWp p = w6 = [11-6"(n]ar
0 0

2

Consider a family of distributions G(#) with mean W and variance G° such that
t_
G(B) = G"(T”).Then,
- Pt - P
xP, .= j[l—G‘) (Tu)}lt= +ofl1-G (v) |dy and
0 0
(N _ 3
X pp=Wn+06x0p p 3)

where Op _ p is the P-th order statistics [10] among P samples drawn from the interval length dis-

tribution with mean 0 and variance 1.

P —
For a uniform distribution, Op  p = ﬁ X ITi =~ ﬁ for large values of P. For an expo-

. 1
nential distribution with a positive offset, Op p = 2 T logP — 0.42 for large values of P.
l<k<

13



For a normal distribution, no analytical formula exists but O, ,’s can be found in tables or by

recurrence relations [10]. Some bounds exist; in particular, for very large values of P,

Op.p=42logP.

Since the normal distribution can take negative values we need to truncate the distribution
at 0 in order to avoid generating negative task interval lengths. Unfortunately, the family of distri-
butions generated by truncating a normal distribution with different values of [ and 62 does not
satisfy the condition leading to (3). Op . por X th p. p must be estimated with a simple simulation
program repetitively generating P samples from the distribution and taking the average of the

maximum values.

When O>P, the exact value of the average synchronous iteration time cannot be obtained
analytically in general. We use a similar approach as in [19] to obtain an approximation. We
divide the iteration time into two parts: 7; and T,. T is the time between the start of the iteration
and the start of the last task interval in that iteration and T, is the rest of the iteration time until the
end of the last task interval. Since all processors are busy until 7, since the distribution is IFR,
and since the total work in each iteration must be less than the work done up to T plus Pl we
have that QU<Pu+PE(T,) and therefore %u <E(T,). On the other hand,
E(T,) =X b p. p. We approximate the expected value of the synchronous iteration time by

E(l)zQ—;Ifmx“)P.p 4)
Given a distribution of the interval lengths, (4) is correct for the case Q=P, but is an approxima-
tion otherwise [11, 24]. The first term of (4) is a low estimate of the time until the start of the last
task, and the second term is a high estimate of the time between the start of the last task and the
completion of the last task. Depending on which term is dominant (4) may therefore underesti-
mate or overestimate the time taken by a synchronous iteration. We have run a large number of
simulations and have stressed the model with very large values of P, Q and c,, the coefficient of

variation®. Some of these results are reported in the appendix and in the figures, (4) is always
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