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Abstract

This paper presents an efficient method for state classification of finite Markov
chains using BDD-based symbolic techniques. The method exploits the fundamental
properties of a Markov chain and classifies the state space by iteratively applying reach-
ability analysis. We compare our method with the current state-of-the-art technique
[1] which requires the computation of the transitive closure of the transition relation
of a Markov chain. Experiments in over a dozen of synchronous and asynchronous
systems demonstrate that the present method dramatically reduces (with up to several
orders of magnitude) the CPU time needed, and solves much larger problems because
of reduced memory requirements.

1 Introduction

Markov chains are an important class of stochastic processes that can effectively model ran-
domly evolving systems. They are conceptually simple since they have short memory. i.e.,
their future evolution depends only on the current outcome and not on further history. Al-
though they are simple, Markov chains have found vast applications in engineering including
the analysis of system reliability [2, 3], control [4, 5, 6], power consumption [7, 8, 9] and
performance [10, 11, 12, 13, 14]. The first two applications are usually concerned with the
short-term (transient) behavior or time to certain events of the Markov chain whereas the
latter two applications often need knowledge of the long-term (stationary) behavior. An
important step in carrying out these analyses is the structural analysis of the Markov chain
which classifies its state space into different sets, namely, the set of transient states (those
that are expected not to be visited in the long run) and the set of recurrent states (those that

may be visited infinitely often). The set of recurrent states may be further classified into
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different classes which once entered trap the Markov chain inside the class indefinitely. The
purpose of this paper is to present an efficient method that performs this state classification

step.

The structure of the state space of a Markov chain may be represented by a directed graph
where vertices correspond to the states and edges correspond to the transitions among the
states. One method to perform structural analysis of the state space is to ezplicitly identify all
the (maximal) strongly connected components (SCCs) of the graph [15]. Components (those
called terminal SCCs) that do not have edges leading to other components correspond to the
recurrent state classes and all other components correspond to the set of transient states.
Since Markov chains derived from real systems often possess huge state space [10, 1, 12],
this method can be intolerably slow because it analyzes states sequentially. Another method
for structural analysis of large Markov chains uses implicit (symbolic) techniques [1] based
on binary decision diagrams (BDDs) [16] so that all the SCCs of the corresponding graph
are stmultaneously computed and the terminal SCCs are subsequently identified. A key
step of this method uses the recursive paradigm in [17] to compute all the states that can
be reached from individual states, or from a graph point of view, the transitive closure of
the corresponding graph. Unfortunately, this step tends to be memory-intensive and time-

consuming.

This paper also proposes a BDD-based symbolic technique but exploits the fundamental
property of transience and recurrence of a Markov chain. Specifically, we determine whether
a randomly taken state s (called a trial state) is transient or recurrent by simply comparing
two particular sets of states associated with it, namely, the set of states it can reach (called
its forward set) and the set of states that reach it (called its backward set). These two sets are
computed via forward and backward symbolic reachability analysis [18, 19]. We prove that if
its backward set contains its forward set, the state s is recurrent and its forward set forms a
recurrent class. Moreover, we show that all states in its backward set can always be classified
as transient or recurrent using simple BDD operations. We randomly take a state to be the
next trial state from the remaining states that have not been classified and repeat the above
described analysis until all the states have been determined for their transience/recurrence
property.

Our method sequentially computes a subset of SCCs each containing a trial state via
symbolic reachability analysis whereas the previous symbolic method [1] computes all the

SCCs of the graph concurrently via computation of transitive closure of the graph. Since



most systems contain only a few recurrent classes and a large portion of their state spaces are
recurrent, the number of states to be taken as trial states in our method often turns out to be
very small, which limits the number of times reachability analysis is performed. Finally, the
fact that reachability analysis is typically much faster and less memory-intensive than the
computation of transitive closure makes our method dramatically outperform the previous
method [1] on almost all the examples from synchronous and asynchronous systems we have
tested. In particular, we observe run time reduction of up to several orders of magnitude,
and our method solves all the examples on which the previous method fails due to insufficient

memory.

The remaining of this paper is organized as follows. Section 2 reviews the basics of a
Markov chain necessary for the further discussion of this paper followed by the previous
work on its structural analysis. Section 3 is the main section of this paper which describes
the principles, proofs, and the algorithm of our method. Experimental results are given in

Section 4 and our conclusion is given in Section 5.

2 Preliminaries and Previous Work

2.1 Finite-state Markov chains

Consider a discrete state space S = {1,2,---}. A discrete-time stochastic process X on S
is a sequence of random variables, {X, € S : n > 0}. We call the value assumed by random
variable X, the state of X at time instant n. X is a Markov chain (or Markovian) if its future
evolution depends only on its current state. More formally, if X' is Markovian and it is in
state i € S at time n, the probability that state j € S is visited at timen+1 is independent
of its history before time n, i.e, Pr(Xp41 = j | Xn =1, (Xno1,+ -+ Xo) € §) = Pr(Xnp1 =7 |
X, =1). X is time-homogeneous if the above conditional probability is independent of time
instant n. In this case, the evolution of X is governed by a (1-step) transition probability
matriz P = (pi;),i,j € S where p;j; = Pr(Xpp =7 | Xa=i)=Pr(Xi =7 | Xo = 7).

Real systems can often be modeled by time-homogeneous Markov chains with finite state
space so that one can write S = {1,2,---, N} where N is the size of S. In this paper, we
assume the state space is finite. Systems with massive concurrency (e.g.; those modeled by
Petri-nets) [10] or having correlations among system events [7, 8, 20] can all be modeled by

Markov chains with properly defined state spaces.



Let us assume M = (S, P) is a time-homogeneous Markov chain in discrete time with

finite state space S and a probability transition matrix P.

To consider the way in which states of S are related to each other, one needs the notion
of communication between states. A state i € S communicates with state j € S, denoted by
i — j, if there is a positive probability that state j will eventually be visited once state 7 is
visited. Or equivalently, Pr(M, = j | My = i) = pij(n) > 0 for some n > 0. Otherwise, state
i does not communicate with state j, denoted by ¢ 4 j. States 7 and j intercommunicate if

1 — 7 and 7 — 1, written ¢ ¢ 7.

Definition 2.1 Statei € S is recurrent if V5 € S such that1 — j, 7 — 1 as well. Otherwise,
state 1 is transient, i.€, 33 € S such that i — 7 but j 4 1.

It can be easily checked that a recurrent state is visited infinitely often once it is visited,

while the expected number of the times M visits a transient state is bounded from above.

Many of the nice properties of Markov chain M can be derived from the famous Chapman-
Kolmogorov theorem [21] which expresses the probability of M to go from one state to
another in n > 0 time steps in terms of the 1-step transition probability matrix P. One such

property concerning the communication relation between two states is as follows.
Theorem 2.1 Ifi — j and j — k, then i — k. Further, if i < j, then j & 1.

By Definition 2.1 and Theorem 2.1, it is easily verified that if states 7, and j intercom-

municate, either both of them are recurrent or both of them are transient.

Theorem 2.1 ensures that the intercommunication relation, ¢, is an equivalent relation
(i.e., it is transitive and reflective) so that the state space S can be partitioned into equivalent
classes according to ¢». That is to say. S = TUR;UR; - - -U Ry where T is set of all transient
states of 5, R, through Ry are K recurrent classes of S each containing recurrent states of

S that do not communicate with states in other recurrent classes.

Example Figure 1 shows a Markov chain containing 7 states. State 1 is clearly transient
because 1 — 2 but 2 /4 1. States 3, 4 and 5 are also transient for a similar reason. The

chain has two recurrent classes, namely, {2} and {6,7}. O

From the above discussion, we see that the transience and recurrence property of states

in a Markov chain can be derived from the their communication relation. In particular,
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Figure 1: A small Markov chain example.

under our assumption that the state space S is finite, the structure of the state space can be
equivalently represented by a directed graph G' = (V, £), where the vertex set V' corresponds
to all the states in S and there is an edge €,, from vertex u to v if and only if p;; > 0 where
u and v are the corresponding vertices of states ¢ and j in G. Then, 1 — j.7.7 € S is
equivalent to saying there is a path from vertex u to v in G. Similarly, 7 <+ 7 is equivalent
to saying vertices u and v are in the same strongly connected component. For convenience,

we call graph G the boolean transition graph of M, and its associated matrix @) = (guy) the
L of 6w € B,
0 otherwise.

V are in one-to-one correspondence with states in S, we replace the set V' with S whenever

boolean transition matrix of M where gy, = Further, since vertices of

convenient. In the sequel, we use the boolean transition matrix ) instead of the transition

probability matrix P when performing structural analysis of M.

To obtain a particular characteristic of a real system, many different types of analysis may
be carried out on the Markov chain M that models the system. These analyses include the
computation of the probability distribution of M over the state space S at a fixed time instant
n (transient analysis), the expected time and probability to enter a set of states (first-passage-
time and absorption probability analysis) [22], and the asymptotic probability distribution of
M over the state space S after an infinite amount of time (stationary analysis). Identification
of transient states and all the recurrent classes plays an important role in these analyses. For
instance, first-passage-time analysis is often performed against a particular recurrent class.
By treating each recurrent class as a single state, absorption analysis may also be accelerated.
Moreover, the stationary analysis is not possible without the identification of the recurrent
classes (unless it is guaranteed that M contains only one recurrent class) because the system
will be under-determined if the chain has multiple recurrent classes. In fact, even when the
number of the recurrent classes is expected to be one, it is often neccessary to verify that this

is the case because modeling errors or design bugs may introduce extra recurrent classes.



In the next subsection, we briefly go over the previous work on state classification of a

Markov chain.

2.2 Previous work

We focus on the recent work in [1] which uses symbolic techniques based on binary decision
diagrams (BDDs) [16]. The method relies on the fact that recurrent classes of a Markov chain
M = (P, S) correspond to the terminal SCCs of the transition graph G' associated with M.
A terminal SCC is one that do not have an edge emitting out of it. By the discussion in the

previous section, the correctness of the method is easily determined.

The transition graph G is represented by a BDD. To compute all the SCCs in G, the
method first computes the transitive closure T'C' of G which describes the set of states that
each state of S communicates with. One may think of T'C' as a boolean matrix of size S x 5,

’ )1 af 1= 7.
Le, T'Cy = 0 otherwise.
element 7'Cy; = 1. Suppose it is determined that i — j by the fact that T;; = 1. To see if

Therefore, checking if 1 — j is equivalent to checking if the

J — 1 so that i, j are strongly connected, one merely needs to check if 7j; = 1. Thus, the
second step in the method is to term-wise multiply T'C with its transpose, T'C*, yielding a
symmetric matrix (let it be denoted by 7C' * T'C"). Clearly, i and j are in the same SCC iff
(TC*TC"); = (TC*+TC);; = 1. All above operations are performed symbolically.

Next, each SCC is represented by a particular state (called the representative state) of
the SCC using the so called datum priority function[23] of the corresponding BDD. A new
directed graph consisting of these representative states is then constructed so that it has an
edge from one (representative) state 7 to another (representative) state j iff there is an edge
from some state in the SCC represented by i to some state in the SCC represented by j.
This new graph is acyelic such that the terminal SCCs are represented by the corresponding
leaf vertices.

The bottleneck of the method is the computation of the transitive closure T'C of G.
To this end, a recursive algorithm presented in [17] which also uses BDD-based symbolic
operations is adopted. Nevertheless, it can still take intensive amount of CPU time and

memory to compute 7'C' when G is large.



3 State classification by iterative application of reach-
ability analysis

The method we present in this section does not compute the transitive closure of the graph
G. Rather, it relies on the definition of a transient /recurrent state. Once we determine a
state to be transience/recurrent, the transience and recurrence properties of other states that

communicate with this state are deduced and they are removed from further consideration.

3.1 The principles

We start by defining the forward and backward sets of a state.

Definition 3.1 The forward set of state i € S, denoted by F(i), is the set of states that 1
communicates with. That is, F(i) ={j € S|t = j}. Similarly, the backward set of stale 1,
denoted by B(i), is the sct of states that communicate with 1. Thatis, B(i) = {j € S | j — t}.

The following lemma shows a simple property of forward and backward sets.

Lemma 3.1 Let i.j € S. If j € F(i), then F(j) C F(i). Similarly, if j € B(z), then
BUj) C B).

Proof The proof is a direct consequence of the transitivity property of relation — given in
Theorem 2.1. Suppose j € F(i), i.e., 1 — j. then, Vk € F(j), i.e.. 7 = k. we have i — k,
meaning k € F (i) so that F(j) C F(i). Similarly, if j € B(i), i.e., j = i, then, Yk € B(j).
i.e., k — j, we have k — i, which implies B(j) € B(i). O

Theorem 3.1 A state i € S is recurrent if and only if F(i) C B(i). In other words, i is
transient if and only if F(i) € B(7).

Proof Suppose i € S is recurrent, then Vj € S such that 1 — 7. l.e., j € F(i). we have
j — i by Definition 2.1 of a recurrent state. That is to say, j € B(z) so that F(i) C B(z).
Conversely, if F(i) € B(i), which means Vj € S such that 1 — 3. we have j € F(i) C B(7)
so that j — i. Then i is recurrent by Definition 2.1. The fact that a state is either recurrent

or transient concludes the proof. O



(a) computing F(1) and B(1). (b) states in {1} U B(1) all transient.

Figure 2: Determining if a state is recurrent.

Theorem 3.2 If state ¢ € S is transient, then states in B(i) are all transient. If state @ is
recurrent, on the other hand, states in F(i) are all recurrent. In the latter case, set F(i) is

a recurrent class, and set B(1) — F(i) (if not empty) contains only transient states.

Proof Suppose state 7 is transient. By Theorem 3.1, F(i) € B(¢), i.e., 3k € F(7) such that
k & B(z). Now, suppose state j € B(7), then k € F(7). This is because ¢ € F(j) so that
F(i) € F(j) by Lemma 3.1. On the other hand, B(j) C B(t) since j € B(i). Therefore, we
have state k& € F(j) but k& & B(j) since k& ¢ B(¢), which implies F(j) € B(j) so that j is

transient by Theorem 3.1.

Now, if state 7 is recurrent, i.e., F(i) C B(:) by Theorem 3.1, then, Vj € F(i) => i <+ j
by definition so that we have F(j) C F(i) and B(i) C B(j) by Lemma 3.1. Thus, F(j) C
F(i) € B(i) € B(j). which implies j is recurrent by Theorem 3.1. Finally, if 7 is recurrent and
B(i) — F(t) is not empty, let state k € B(i) — F(i), we merely need to show that F(k) € B(k)
so that k is transient. In fact, k € B(i) <= i € F(k), and k ¢ F(i) < i ¢ B(k), which
implies (k) € B(k). O.

Example Figure 2(a) shows the small example Markov chain in Section 2. To determine if
F(1) 2 B(1), not only is state 1 transient, all states in B(1) are transient as well. Thus,
only states 2, 6 and 7 need to be further classified. O

Theorem 3.1 states that we can check if a state is recurrent by simply checking if its
forward set is contained in its backward set. If it is, then a recurrent class has been found
which equals to the forward set so that the states of this forward set can be removed from
consideration. Moreover, according to Theorem 3.2 if the backward set properly contains

the forward set, those states in the backward set not belonging to the forward set are all
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found to be transient. In the case the forward set is not contained in the backward set. we

have found a set of transient states equal to {i} U B(7). They can be removed from further
consideration.

The next subsection gives our symbolic algorithm for state classification based on the

above theory.

3.2 The algorithm

As seen in Section 1, knowing the Boolean transition matrix ) of a Markov chain M = (S, P)
is sufficient for us to perform the state classification of state space S. One can also think of
@ as a Boolean transition relation defined from S x S into B = {0, 1} such that a transition
from state s € S to s’ € S is possible iff Q(s.s’) = 1. We say s is the current state while s’

is the next state.

To represent the transition relation ) with BDDs, let X and Y be two sets of boolean
variables encoding current states and next states, respectively. Details of BDDs and their

operations can be found in [16].

3.2.1 Computing the forward and backward sets

Computation of the forward set can be performed exactly as the symbolic iterative reacha-

bility analysis for finite state machines using fized-point calculations (18, 19).

The idea of fixed point calculation may be explained by the concept of the frontier set,
FS. Initially, the reachable state set, RS, is set to (), and the frontier set is set to be the
initial states. That is, RS = 0, and FS® = [, where I is the set of initial states. Next,
the set of states, Z, that can be reached from current frontier set F SO in one time step (or
one state transition) is computed. Those states that are newly reached during this iteration
are taken as the frontier for the next iteration. The process repeats until the frontier set is

empty.

Figure 3(a) gives the procedure that computes the forward set of state s where 3 and A
denote BDD operations of existential quantification and AND. respectively. Applying the
same idea above, the backward set B(i) of state i can be computed by the procedure shown

in Figure 3(b).



forward_set(s: Q) { backward_set(s: Q) {

RS « 0, FS©  {s}: RSO 0, FS©) « {k}:

k +« 0; k « 0;

while(FS®) # ) { while(FS*) # §) { __
FS*+)(z) = 3, FSH) (y)Q(y. x) A RSH) (2); FS*+1)(z) = 3yFS“‘)(y)Q(n:,ky)lf\ RS®)(z);
RS¥+1) (g) = RS®) (z) v FSK+) (2); RS+ (z) = RS®)(2) v FS*+1(z);
ke—k+1; kek+1;

}
Eeturn(f'(s) — RS®)); ; return(B(s) « RS®);
}

(a) (b)
Figure 3: Computing the forward set and backward set.

State_classification (S5, Q) {
S« 5;
while (S’ # 0) {
s « random_take(S’);
F(s) + forward set(s, Q);
B(s) + backward set(s, @Q);
if( (s) A B(s) = 0)
report F(s) a recurrent class;
report B(s) A F(s) all transient;
else
report sV B(s) all transient;

S"— S'AsVB(s);

}

Figure 4: Computing the forward set and backward set.

3.2.2 Classifying states

Figure 4 shows our state classification algorithm. It iteratively finds all the transient states
and the recurrent classes. During each iteration, a state from the remaining state space S’ is
taken as a trial state whose forward set and and backward set are computed using forward
and backward reachability analysis given in Figure 3. Next, the trial state is determined to
be either recurrent or transient by checking the containment of its forward and backward
sets as discussed in the Section 3.1. States that communicate with this trial state are also
determined for their recurrence/transience property. The iteration terminates when there is

no state to be classified.
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The function random _take(S’) works as follows. It randomly takes a state, say s; from
S" as a start point, and tries to find a state s, which has not been considered to be a trial
state but can be reached from s; through a user definable number of steps. The intuition
is that, state s, is more likely to be recurrent because sy € F(s;). Since this search can be
done iteratively and after each iteration only one state is taken for the next iteration, the

time spent in this function is negligible.

In general, our algorithm has much better complexity than the method in [1] because the
reachability analysis is performed only for part of the state space, i.e, for those trial states
returned by function random_take() whereas the method in [1] computes the transitive closure
of the state transition graph which is equivalent to computing the reachable state sets for

all the states in the state space 5.

The worst case of our algorithm may occur if each iteration determines the transience or
recurrence property of only the corresponding trial state when its backward set contains at
most itself. Then, exactly |S| iterations would be required. This could happen for instance
if (1) every state in S forms a single-state recurrent class or (2) all states except one are
transient and each transient state reaches only the sole recurrent state. Since most real
systems contains relatively few recurrent classes and a significant portion of the state space
is recurrent, very few (typically only one) iterations are performed so that the worst case
complexity is rarely observed. Another case where our algorithm may also be slow is when
all states (nearly) form a loop. This case does not require a large number of iterations,
but the time spent in the reachability analysis during each iteration could be significant.
However, the time complexity of our algorithm still remains at the same order of that of
the reachability analysis. The counter example in the next section is a case of this kind.
Advanced reachability analysis techniques such as iterative squaring [18] may help in this

case.

4 Experimental Results

We implement both our method and the method in [1] based on CUDD [24] and SMV
[25, 26] packages. Efficiency of the two methods are compared on over a dozen real examples,

including both synchronous and asynchronous systems. All of them are specified in SMV

format.
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Our synchronous examples are the synchronous bus arbiter (syncarb) [26], the mutual
exclusion element (mutez), the counter circuit (counter), and a 3-stage synchronized pipeline
(periodic) which are all from the SMV package. Our asynchronous examples include the
distributed mutual exclusion (dme) circuit [27, 28, 26], the pausible clock interface (pei)
[29], the asynchronous differential equation solver [29] with its estimated version (diffeg-est)
and its back-annotated version (diffeg_bka) both of which were analyzed symbolically for their

average performance in [12] and finally the asynchronous FIFO circuit fifo also discussed in

[12].

From the results listed in Table 1, we see all the above examples contain a unique re-
current class. Moreover, all the synchronous examples have no transient states. Among the
asynchronous examples, the diffeq_est and diffeq_bka contain a significant amount of transient

states while the fifo designs have a small portion of transient states.

Comparing the memory requirements, our method finishes all the examples while the
previous method fails on half of them. Comparing the run time, except on the counter cir-
cuit, our method dramatically outperforms the previous method. In particular, we observe
reductions of over three orders of magnitude for periodic, and fifo examples that have a large
number of stages, over two orders of magnitude for pei and diffeq, and over one order of
magnitude for dme. With more experiments, we notice that for the fifo example, the CPU
time required by our method increases polynomially while the state space grows exponen-
tially. This is because the BDD size of its transition relation Q grows polynomially with

each added stage. Similar performance is achieved in the syncarb, pci and dme examples.

5 Conclusions

We have presented a BDD-based symbolic method for state classification of discrete-time
finite-state Markov chains along with the proofs of its correctness. The method iteratively
identifies all the transient states and the recurrent classes by the standard reachability anal-
ysis. Typically, the number of times the reachability analysis required is very small. Com-
pared with the previously proposed method which requires the computation of the transitive
closure to concurrently determine all the maximal SCCs of the state transition graph, the
present method has been demonstrated to achieve dramatic improvements on the run time

complexity as well as on the memory requirement on almost all examples tested.
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State space

Run time (CPU sec)

Examples Invariant | Reachable | Transient | Recurrents | Recur. Previous Our

states states states tates classes method method

dme3cells | 1.80x1016 6,579 0 6,579 1 417 7.

dme6cells | 3.25x10%2 | 8.217x10° 0] 8217x10° 1 8,140 | 1237
mem out

syncarb5 32,768 5,120 0 5,120 1 0.63 0.1

syncarb10 | 1,07x10% | 1.049x107 0| 1.049x107 1 2.97 0.28

mutex8 524,288 2,048 0 2,048 1 0.48 0.18

periodic | 6.87x101° 3,952 0 3,952 1 1,577 1.3
mem out

counter8 256 256 0 256 1 0.23 0.18

counter16 65,536 65,536 0 65,536 1 0.43 100.9

pci-2-1 | 4.99%10° 14,556 0 14,556 1 3,514 147
mem out

pei-4-1 | 2.88x10"7 | 1.76x107 0| 1.76x107 1 84,620 |  116.5
mem out

pci-8-1 | 1.30x10%% | 5.24x10' 0| 5.24x10™ 1 1th | 4263
incomplete

diffeq-est | 4.29x10° 7,632 2,762 4,870 1 3,180 4.0
mem out

diffeq-bka | 2 75x10"" 11,036 6,176 4,860 1 1,059 6.5
mem out

fifo2 6,5536 98 2 96 1 8.0 0.23

fifod | 1.68x107 1,150 18 1,132 1 722 0.58

fifo8 | 1.10x1012 171,518 730 170,788 1 1,535 2.9
' mem out

fifo16 | 4.72x102" | 4.258x10% | 2.48x10°% | 4.256x109 LN 11h 24.2
incomplete

fifo32 | 5.44x10%° | 7.736x10'7 | 2.88x10'3 | 7.736x10"7 T 1ih | 277.0
imcomplete

Table 1: Experimental results.
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