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Abstract: This paper presents a methodology to
speed up the stationary behavior analysis of large
Markov chains that model asynchronous systems. In-
stead of directly working on the original Markov
chain. we propose to analyze a smaller Markov chain
obtained via a novel technique called string-based
state compression. Once the smaller chain is solved,
the solution to the original chain is recovered via a
process called expansion. The method is especially
powerful when the Markov chain is nearly determin-
istic, which happens often in asynchronous systems.
Our experimental results show that the method can
yield reductions of more than an order of magnitude
in CPU time and facilitate the analysis of larger sys-
tems than possible using traditional techniques.

1 Introduction

Driven by market demands for low-power and high-
performance. tools to estimate power and perfor-
mance of a system have become particularly impor-
tant. Such tools can help guide design choices at
high levels of abstraction, thereby shortening time-
to-market, as well as validate design characteristics at
lower levels of abstraction, thereby providing higher
confidence in the design. In an asynchronous system.
the randomness caused by varying input data rate and
data processing delays, makes these estimation tasks
particularly challenging. The work in this paper can
improve the state-of-the-art in both areas, however,
to simplify the exposition we focus on performance
analysis.

There are currently two important categories of ap-
proaches for performance analysis. Approaches be-
longing to the first category use bounding techniques
to analyze system models with delays specified by
upper and lower bounds. Hulgaard and Burns et al
use a delay-annotated Petri-net model to obtain up-
per/lower bounds for the time-separations between
arbitrarily indexed occurrences of two signal events

[1, 2]. Also belonging to this category are Green-
street and Steiglitz’s work [3] on throughput bounds
of pipelines and Ebergen and Berks’ work [4] on
bounding the response time for FIFOs. Approaches in
the second category target metrics that are averaged
over a long time period, e.g., average time separation
between two events, average throughput, and average
latency. These approaches analyze probabilistic mod-
els which assume arbitrarily distributed delays and al-
low arbitrary system behaviors such as unfair choices
and conflicts. Kudva et al [5] and Xie and Beerel’s
[6] work belong to this category. It should be noted
that in the case where all delays are fixed, bounding
techniques are often able to give exact results (aver-
age metrics) [1, 3, 7. 8. 9] for some classes of systems
(e.g., those modeled by marked graphs or extended
marked graphs). Average performance metrics may
also be derived directly for some systems [3] (e.g..
with FIFO-like structures) if all delays are exponen-
tailly distributed so that the classic queuing theory
may be applied.

Bounding techniques are often faster than proba-
bilistic techniques, but the average performance mea-
sure may be more useful to guide design. This is par-
ticularly true if the bound is quite wide and the mean
lies close to one end of the bound, which can easily oc-
cur in practice. In addition, probabilistic techniques
can often handle a much wider class of systems and
can be used to estimate higher moments (e.g., vari-
ance) of performance metrics.

The most time consuming step in probabilistic ap-
proaches to performance analysis is Markovian anal-
ysis. In Kudva et al’s approach, systems are specified
in a generalized timed Petri-net model [10] whereas in
Xie and Beerel’s approach, they are specified using an
SMV [11] based model. Both approaches convert their
models into finite state Markov chains, i.e., random
processes with short memory (whose current state
completely determines its future evolution). Here,
states represent the valuations of system signals plus
delay signals (corresponding to transition firing dura-



tion in Kudva et al’s model and auxiliary variables
capturing the probabilistic interval delays in Xie and
Beerel’s model). This conversion is followed by reach-
ability analysis which finds all reachable states of the
system. The derived Markov chain is then solved for
the stationary distribution, the long run probabilities
of all reachable states. Xie and Beerel further use
this stationary distribution to compute the so called
sojourn time [12], the average duration the system re-
mains in a subset of the state space, from which the
average time separation of events can be obtained.
Fortunately, this latter part of analysis is computa-
tionally inexpensive.

The bottleneck in the Markovian analysis is the
computation of the stationary distribution of the de-
rived Markov chain. The problem is equivalent to
solving a linear system with as many unknowns as
the number of states in the Markov chain. The gen-
erally preferred technique is the well known Power
method which iterates from some initial distribu-
tion (or initial guess) until it converges according to
some user-specified accuracy requirement. Since the
Markov chains resulting from real designs can possess
huge state spaces, e.g, with hundreds of thousands
of states, the Power method can take intolerably long
before getting a good approximation of the stationary
distribution. A promising way to speed up this phase
of the analysis is to use symbolic techniques [6, 13].
Although it is then possible to handle systems with
hundreds of signals, it can still take hours to complete.
Therefore, techniques that can significantly speed up
Markovian analysis is of great demand.

There are many proposed techniques to speed up
the iterative approaches such as Power method for
large linear systems. Examples are pre-conditioning
[14] and orthogonal multi-vector iteration [15]. It is
unclear whether these sophisticated techniques are
likely to give a significant improvements, however, be-
cause they impose significant overhead. In addition,
there is an intensive ongoing research trend in proba-
bility theory on lumpability of Markov chains [16, 17].
The basic idea to lump states is to explore the similar-
ity (if any) among the behavior of the Markov chain
when it is in different states. A subset of states can be
lumped if when treated as a single state, the result-
ing random process still keeps the Markovian property
and thus may be analyzed as a smaller Markov chain.
However, the condition for a subset of states to be
lumpable is generally very restrictive. Consequently,
it is unlikely for real designs to possess sufficient reg-
ularity of this kind to benefit the incorporation of the
lumpability theory currently available [18].

The method we propose here takes advantage of
a generalized notion of the determinism inherent in
asynchronous systems in which the occurrence of

some states are always preceeded by the occurrences
of some other states. More precisely, we partition
the (reachable) state space S into two subsets, B and
B. such that any two consecutive occurrences of any
state in B is always interleaved by at least one oc-
currence of some state in B. In graph terminology.
B is a feedback set of states. It turns out that many
asynchronous system models possess a feedback set
that is significantly smaller than their correspond-
ing reachable state space. This distinct feature of
asynchronous systems motivates us to speed up the
Markovian analysis by focusing on the feedback set.

Specifically, we create a new Markov chain which
has the feedback set as its state space. One of the
key properties of this new Markov chain is that these
feedback states keep the same relative occurrence fre-
quencies as they have in the original Markov chain.
This is the first step of our analysis and we call it state
compression. Next, the stationary distribution of the
new Markov chain is computed by the Power method
or even by direct (non-iterative) methods if the new
Markov chain is sufficiently small. Finally, the sta-
tionary distribution of the original Markov chain is
expanded from that of the new Markov chain just
computed. We call this third step ezpansion. Figure
1 depicts an overview of our method.
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Figure 1: Block diagram of our method.

Ideally, we would like to find a minimum feedback
set in order to make the state space of the new Markov
chain small. However, this is a NP-complete problem
known as the minimum feedback vertex set (MFVS)
problem [19]. Many heuristic algorithms to find a
minimal FVS [20, 21, 22] exist, but they are all too
expensive for large graphs. We give two simple heuris-
tics to quickly search for a good feedback set which is
not necessarily the minimum. Application to several
real designs have demonstrated over an order of mag-
nitude reduction of the overall CPU time. Moreover.
we demonstrate that our method can analyze larger
system than possible using the method in [6].

In Section 2, we briefly review the basics of Markov
chains and the Power method for obtaining stationary
distributions. Section 3 gives detailed description of
our method as well as the theorems we have proved
to check the correctness of our method. Section 4 de-



scribes our heuristic algorithms to find a good feed-
back set to form the state space of the new Markov
chain. Implementation issues are noted in Section 5
and experimental results are given in Section 6. We
conclude this paper and outline some possible future
work in Section 7. The proofs of all theorems are put
in the appendix.

2 Preliminaries

2.1 Markov chains

Consider a finite state space S = {1,2,---, N}. In the
discrete time domain, a random process X on state
space S is a sequence of random variables each taking
values in S, i.e., X = {X, € S:n > 0}. We call the
value assumed by random variable X, the state of
X at time instant n. X is Markovian (or a Markov
chain) if its future evolution depends only on current
state. More formally, if X is Markovian, then for
all .7 € S and whatever history X has before time
n > 0%, Pr(Xn41 =17 | X = i, (Xn--l:"':Xﬂ)) =
Pr{Xpu1 =3 | Xy =4).

If the probabilities governing X are independent of
time, X is time homogeneous. So, if X is Marko-
vian and Pr(Xn,+1 = j | X» = i) is independent of
time n, then X is time homogeneous. In this case,
we define a matrix P whose element at the i-th row
and j-th column, Py = Pr(Xpp =j | Xn =) =
Pr(X; = j | Xo = i). Matrix P is called the I-
step transition matriz or simply the transition ma-
triz of X. Since Markov chains in our models are
always time-homogeneous [6], assume X denotes a
time-homogeneous Markov chain.

A sample path of X with length n > 0 is a sequence
of states (so, 1, ", 8n—1) visited by X during a par-
ticular run. States sg and s,_y are called the head
and the tail state, respectively. By definition, we
must have Pr(Xk41 = sk41 | Xk = sx) > 0 for all
0< k<n—1. A cycle is a sample path of length at
least 2 in which the head and tail states are identical.
If no other two states in the cycle are identical, the
cycle is called simple.

States that may be visited by X infinitely often over
the time are called recurrent. The remaining states
of S are called transient. Two states communicate(or
are strongly connected) if there exists a cycle contain-
ing both states. Similarly, a subset of states commu-
nicate if any two states of the subset communicate.
A recurrent class is a maximal communicating sub-
set that contains only recurrent states. If S contains
transient states or it has multiple recurrent classes, X

INo history if n = 0.

is called reducible. Otherwise, X is trreducible. No-
tice that all states of an irreducible Markov chain X
communicate.

Let us assume M = (S, P) is an irreducible finite
state Markov chain in discrete time where S is its
state space and P is the I-step transition matriz. For
any given state of S. there is a positive integer such
that M can be in the given state only at time in-
stants which is multiple of that positive integer. The
maximum such integer is called the period of M.

If M has period 1 it is called aperiodic. and it
tends to stabilize in the sense that the probability
for M to be in any state ¢ € S converges as time pro-
gresses. Formally, lim, ;.. P {X, = i} converges to
a constant called the stationary probability of state ¢
denoted by m;. If M has period d > 1, it is called peri-
odic and the average of probability of M being in state
i over the time, i.e., limpoyoc 2 5 g P {Xx = i}, con-
verges to a constant. Let this constant be denoted
by m; as well. Regardless of its periodicity (peri-
odic or aperiodic), M has the following nice property:
7 = wP, where 7 is the row vector, (my.ma,- -+, 7N).
and Z!.ill m; = 1. w is called the stationary distribu-
tion of M.

2.2 The Power method

The Power method is one among many well known
methods to compute the largest eigenvalue (in mag-
nitude) and its associated eigenvector of a square ma-
trix.

Let us first recall some terminologies in basic ma-
trix theory since they will be encountered several
times in this paper. An eigenvalue of square matrix
P is a root of the equation det(A — P) = 0. If Ais an
eigenvalue of P, equation x(AI—P) = 0 has a solution
which is unique up to a non-zero multiplicative factor.
This solution is called the eigenvector of P associated
with A. Matrix P has N eigenvalues if N is the num-
ber of its columns (or rows). Let A;; 1 < i < N,
be the N eigenvalues of P and let them be ordered in
the non-increasing order of their magnitude such that
IA,I Z ])\,’+1| for all 1 S i S N —1.

To compute the largest eigenvalue and its corre-
sponding eigenvector, the Power method iterates as
follows until it satisfies some convergence criterion:

x*+) = x(B) P for k > 0 (1)

where x(°) is the initial guess. To avoid possible over-
flow (in case |Ag| > 1) or underflow (in case [Ag| < 1)
during iteration, the resulting vector may have to be
normalized after each or several iterations.

From a matrix point of view, m, the stationary dis-
tribution of an irreducible Markov chain M = (S, P).



is the eigenvector of P corresponding to the eigenvalue
1 since m = mP <= n(I — P) = 0. Moreover, P has
|S| eigenvalues satisfying 1 = A; > Ay > Aa -+ A5 2
0. Or we may say. 7 is the normalized eigenvector of
P corresponding to the largest eigenvalue A;. There-
fore, the Power method may be used to iteratively
compute the stationary distribution of M. Moreover,
since A\; = 1, no normalization is necessary through-
out the iteration process.

3 State based

analysis

compression

The goal of this paper is to speed up Markovian anal-
ysis by focusing on part of the state space rather than
the entire space. More precisely, let M = (S, P) be
the original Markov chain with large state space. In
order to obtain its stationary distribution =, we first
restrict M to a subset of states, S’ (S’ C S), obtaining
anew Markov chain M’ = (S’, P'). This step is called
state compression. Then, the stationary distribution
7' of M’ is computed using the Power method. Fi-
nally, the stationary distribution 7 of M is expanded
from 7', which we call the ezpansion step. The fol-
lowing three subsections describe these three steps in
order.

3.1 State compression

The first part of this section describes the construc-
tion of a new Markov chain M’ with a smaller state
space S’ whose stationary distribution has important
but simple relationship to part of the stationary dis-
tribution of M. The remainder of this section de-
velops the criterion for the selection of S’ by taking
advantage of properties of typical asynchronous sys-
tems such that the overhead for the construction and
the subsequent analysis of M’ is nearly minimized.

3.1.1 Constructing a new Markov chain

We start by constructing a new random process X
from the original Markov chain M such that X has a
smaller state space and some special property. Then,
we show that X is a time-homogeneous irreducible
Markov chain and that there is a simple relationship
between the stationary distributions of X and M.

Suppose S has N states, i.e, S = {1,2,---,N}.
Suppose further that S’ has N’ < N states chosen
from S. Without loss of generality, let us assume S’
consists of the first N’ states of S such that S’ =
{1,2,---,N'}. Let us denote by 57 the remaining
states in S. That is, & = {N'+1,N'+2,.--,N}.

These two subsets, S’ and 5, form a partition of S.
They imply a decomposition of the transition matrix
P into four sub-matrices and a decomposition of the
stationary distribution 7 into two sub-vectors:

PS' PJ_J'
P= 5'S ) and
(P‘s‘f"s' Pgr

T = (ms, Tg7)-

Sub-matrix Ps+ describes the 1-step transition prob-
abilities between any two states in subset S’. Sub-
matrix Pg,zr describes the 1-step transition probabil-
ities from a state in S’ to a state in S’. The other
two sub-matrices can be interpreted similarly. Fi-
nally, sub-vectors g and 7gr denote the stationary
probabilities of the states in §” and in S, respectively.

Example: Decomposition of P and 7. The tran-
sition matrix of a Markov chain is usually depicted as
a labeled state transition graph (STG) with vertices
denoting the states and labels on the edges denoting
the l-step tramsition probabilities. Figure 2 shows
the STG and the transition matrix of a Markov chain
with 3 states.

Assume S’ contains the first two states of S. ie..
S’ = {1.2}, and of course, S” = {3}. Then, we have
following decomposition of P and .

01 0
o= (00) mw = (1)

(a b) B (1—a—1b)

(m1,m2) mgT = (m3)

Pgg =
st =

)

While the purpose of our construction for a new
Markov chain M’ is to reduce the state space that the
Power method has ultimately to deal with, we hope it
also guarantees a simple relationship between ' and
w5+ so that we may easily expand 7’ to obtain the en-
tire vector w. Perhaps the simplest such relationship
is that for every state i € §', w; can be obtained from
w; by a simple scaling. That is, m; = un!, where the
scaling factor y is the same for all i € S’. Or in vector
form. g = pn'.

For example, suppose M has a state space S =
{1.2,3}. If the compressed Markov chain contains
the first two states of S, ie.. S = {1.2}. Then.
we would hope there is a simple relation: (my,m) =
pr’ = p(mh, 7h) where p is a constant. Later, we will
show that if we can get mg:, then mgr, {m3} in this
example, can be easily computed from 7.

To construct the compressed Markov chain with
above mentioned simple scaling property, one possi-
ble way is to construct a new random process X that
keeps track of all time instances when the original
Markov chain M is in a state of S’ and skip all other
time instances when M is not in any state of S'. Note



(a) STG

(b) Transition matrix P

Figure 2: A 3-state Markov chain.

that the states of S keep the same relative occurrence
frequency in process X as they have in Markov chain
M. This idea may be best described by a small ex-
ample.

Example: Defining a new random process. A
sample path of a random process M = {M, : n > 0}
is a particular run of M over the time. Let M be
the 4-state Markov chain described above. Again, let
the new random process X = {X, : n > 0} have state
space §' = {1,2}. Suppose a sample path of M is:

M, :

1 23 3 23 1 2
timen: 0 1 2 3 4 5 6 7
For the new random process X to be created, its cor-
responding sample path must be:

Ko L 2 2
timen: 0 1 2

o =
L

Note that starting from 0, time for process X ad-
vances by one only when Markov chain M is in a state
of §' at next time instant. Or equivalently, time for
process X stops when M is not in any state of §'. O

More precisely, let us define the new random pro-
cess X as below:
X = {Xp = Myn) :n >0} (2)
where function 7 is defined recursively:

7(0) = min{k | k > 0, M € S'}.
7(i) = min{k | k > (i = 1), My € S’} for alli > 0.

Theorem 3.1 Process X is a time-homogeneous ir-
reducible Markov chain.

To be consistent, let us denote this new Markov
chain by M’ instead of X. As we know, M’ must have
a unique stationary distribution. Let this stationary
distribution be denoted by ='.

Corollary 3.1 wg: = un', where y is a positive con-
stant.

From Corollary 3.1, we see that that expansion for
mg: from 7' can be done by a simple scaling as ex-
pected. Later in this section, we will show how to
determine the constant p.

To compute =, the transition matrix P’ of the new
Markov chain M’ needs to be determined.

Theorem 3.2 M’ has a transition matriz

P'= Psi+ Pog(I - P) P (3)

Example: State compression. Continuing previ-
ous example, we know that Equation 2 defines a new
Markov chain M’ = (S', P') where §’ = {1,2} and
its transition matrix P’ is determined by Equation 3.
That is,

P' = Psi+Pogl(l
- (33):
Y1) =(1=a=)]" (o »)
1 0 0
) E 20)}} ()a+b m)
ath atb

We may draw the labeled STG for M' as
shown in Figure 3. Moreover, we can use di-
rect method (or power method) to obtain 7/ =
(.74) = sig(a a+b). In fact, if
we compute m of M directly from P, © =
(w1, e, m3) = 1+2a+b( a a+b 1). From this,
one may verify that 7t = o (a a+b) =
2a+4b [ 1

— Pgr)™ 1P’s"s'

Il

-+

oo —=OoO oo

T+2a+b 'za—+£(“ a+b)] = puzn', where p =

2a+b
14-2a+4b"

3.1.2 Finding a proper S5’

We have now established that
homogeneous irreducible Markov chain 2 M =

given a time-

(S.P).

2Let us ignore the degenerated case where the given Markov
chain M = (S, P) has only one state, i.e., |S| = 1 where M stays
in that state with probability one all the time.
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Figure 3: The compressed Markov chain M.

we may create a new Markov chain M’ = (S, P')
with a smaller state space S’ C S so that g can be
expanded from #'.

However, when determining the transition matrix
for M’ using Theorem 3.2, a matrix inversion, i.e,
(I- Py)‘l, has to be performed. This is not desired
because the size of S7 can be very large, close to the
size of S if the new Markov chain has much fewer
states than M so that this inversion can take intoler-
ably long CPU time and form a new bottleneck. The
remainder of this subsection show how we may avoid
this problem by choosing a proper state space S’ for
the new Markov chain.

First, let us note that in the proof of Theorem 3.2
we have shown limg_o. PX = 0. This implies that
matrix [ — Pgris invertible and can be determined as:

(I-Pg)'=1+4Pg+PL+-

Let us call this quantity the probabilistic reflective
transitive closure of Pz and denote it by P=.

Should the term P = 0 when k is sufficiently
large, e.g., & > K for some fixed K, the inversion
of I — Pz may be replaced by finite number of matrix
multiplications and summations, i.e..

(I - Ps)™' =I+Pg+Ph+---+PE' (4)
However, this is not generally true. Specifically, if
there is a cycle in S (recall a cycle is a path with
its tail and head states being identical), then there
is a path of infinite length because a cycle can be
traversed infinitely many times. This means that the
term P—s’-'l,- will never be zero for any fixed number k.

From the above discussion. we see that if §' is cho-
sen in such away that there is no possible cycle in 57,
then, (Pg)* = 0 for all k > K where K is the length

of the longest path in §7. Consequently, the inversion
of I — Pz can be determined by Equation 4 without
an error. This is a key observation of this paper.

Ensuring there is no cycle in subset S’ is equivalent
to finding a subset of S such that every simple cycle
in S contains at least one state in S’. The latter is
the well known feedback vertex set (FVS) problem in
graph terminology where a FV'S is a subset of vertices

6

of the graph and by removing all the edges connected
with the vertices in this subset, the graph becomes
acyclic.

Example: Choosing S’ as a feedback set. In
the previous example, we took S’ = {1,2}. It is not a
feedback set since there is a simple cycle (3, 3) remains
unbroken. If states in S’ and those in S7 switch, we
get a feedback set for S’ = {3} since every cycle must
contain state 3. Meanwhile, S" = {1.2} and Pgr =

(00)

Since the longest path in &, i.e., (1,2), has a length
of 2, we can compute (I — Ps7)~! as follows:

0 1)*(8
(o 1)

Generally, we would like S’ to be as small as pos-
sible. There are several reasons, however, which sug-
gest us not to search for the minimum FVS to be
S'. First, finding the minimum FV S is NP-complete
[19]. Secondly, as we will further explain. there is a
trade-off associated with the total analysis time be-
tween the size of S’ and S7. Therefore, we propose
simple heuristics to efficiently find a good FVS for S’
in Section 4.

(I-Pg)™t = I+Pg

(10

(]

3.2 Computing 7’

Once we obtain the compressed Markov chain M’,
its stationary distribution 7’ is computed iteratively
using Power method:

7+ = 7/ (K) P! for k > 0,

where 7/(9) ig the initial distribution called the initial
guess and 7/(¥) is the probability (distribution) vector
after n-th iteration.

The number of iterations needed before the method
converges depends on two factors: the quality of the
initial guess, and the eigenvalues of P’. The Power



method shows geometric convergence [23], i.e,
|7 — 7' = ce—k (5)

where C is a constant related to the initial distribution
and a is a positive constant related to the distribu-
tion of the eigenvalue of P’. The term e~ 2 is called
the convergence rate. With the same constant C, the
smaller the convergence rate, the faster the conver-
gence speed.

It is generally very hard to give a good initial guess.
The simplest way to build an initial guess is to con-
centrate all probability to a particular state and set
all other states to have 0 probability. Alternatively.
one may distribute the probability evenly among all
the states and make them equally probable. Our ex-
periments show that there exist cases where either of
them can be better than the other. In our imple-
mentation, we set the initial guess to be equiprobable
as the default. In this case, we set 7(?) to be an
all-one vector, i.e., #/(® = (1,1,.--,1) rather than

{I?I'P ]sl[ e T'-SlTT} where |S’| denotes the size of 5’
and do normalization when necessary.

Since the distribution of the eigenvalues relates
to the exponential constant a in Equation 5, it of-
ten dominates the convergence speed of the Power
method. Let us discuss this fact in a little more de-
tail. Transition matrices P’ has |S’| eigenvalues. Let

them be denoted by {/\’1 cAD e, }‘iS'I} in the decreas-

ing order of their magnitude. Moreover, 1 is a unique
eigenvalue, and the magnitude of all other eigenvalues
are less than 1. That is, 1 = [A| > [Xo] > -+ > [Ngy-

It is the ratio l%;—{ = F\l—zf that generally determines t].le
value of a. Thus, the smaller the second largest (in
terms of the magnitude) eigenvalue of P’, the faster
the convergence speed.

Unfortunately, obtaining the distribution of the
transition matrices P and P’ is very hard for it is
essentially the same problem as the computation of
the stationary distribution 7 and 7'.

It is possible that state compression can increase
the magnitude of the second largest ecigenvalue, but
our experiments on several real examples suggest this
rarely happens. One possible explanation to this may
be stated as follows. Any given Markov chain M =
(8, P) may be considered as a random sample from
the family of all possible Markov chains with the same
state space as that of M. Consequently, one may
assume the eigenvalues of P are uniformly distributed
in the interval [0,1] except the largest eigenvalue 1.
We may further assume that the eigenvalue of P,
the transition matrix after state compression, are also
uniformly distributed in the interval [0,1]. Then, we
may deduce the probability that |A5| > |A2| to be very

small when |S’| is significantly smaller than |S|.

3.3 Expanding 7’ to 7

The last step in the analysis is to expand the station-
ary distribution 7’ of M’ to m of M. We have seen
Corollary 3.1 relates ' to wg:. The following theorem
relates 7’ further to 7.

Theorem 3.3 If © and ' are the stationary distri-
butions of M and M’, respectively, then

Tgr = um' Py Par (6)
where, i 1s the normalization factor which is the same
as in Corollary 5.1 and is equal to:

1
"~ 14 ' PogrPE1T

H (7)

and 17 is a properly sized all-one column vector.

Theorem 3.3 combined with Corollary 3.1 enables
us to expand the stationary distribution of M’ to that
of M. Recall that P= in Equation 6 is the reflective
transitive closure ofs Pz which has been computed
during state compression step.

Example: Expansion. Let us continue the previous
example where S’ = {3} for M’. Since S’ has only
one state, following Equation 3, M’ = (1) and thus
n’ = (1).

By the result in the previous example computed for
P;;?: we may expand 7’ to 7 as below.

ms = (m3) = (1) (by Corollary 3.1)
11
5 = (mum)=p(1)(a b)( 0 1 )
= p(a a+b )(by Theorem 3.3).
Following Equation 7, we compute g = 1+2a+b. O

In fact, the value for p is not important. What
is important is the relative values computed for all
the state in S by the expansion step. These relative
values represent the relative frequencies of the corre-
sponding states to be visited by the original Markov
chain M in the long run which is generally sufficient
for further analysis of performance metrics (as well as
power estimation [13]).

4 Heuristics for state compres-
sion

For the description of our heuristic algorithms, we
need the following definitions. Let us assume an ir-
reducible Markov chain M has a state space S and a
transition matrix P.



(b) Reverse-strings

(a) Forward-strings

Figure 4: Forward- and reverse-string examples.

Definition Given two states ¢, j € S for which P;; >
0. we say state j is a next state of state 7 and state 7
is a pervious state of state j.

Definition A state is called a decision state if it has
multiple next states. Otherwise, it is a non-decision
state. A state is called a merging state if it has mul-
tiple previous states. Otherwise, it is called a non-
merging state.

Note that non-decision state can visit all other
states only through its sole next state. Similarly. a
non-merging state can be reached only through its
sole previous state.

Definition A forward-string is a sample path which
contains only non-decision states except possibly for
its tail state. A reverse-siring is a sample path which
contains only non-merging states except possibly for
its head state. A mazimal forward-string is one which
is not contained in any other forward-string. A maa-
imal reverse-string is defined similarly.

Note that a forward-string is maximal iff it has a
decision state as its tail. Similarly, a reverse-string is
maximal iff it has a merging state as its head.

Example: Forward-strings and reverse-strings.
Suppose the ST'G of some Markov chain is as shown
in Figure 4. By definition, every single state is both a
forward-string and a reverse-string. We can list sev-
eral forward-strings of length more than 1. Exam-
ples are (2.3). (2.3.4) and (6.4). The latter two are
also maximal. Example reverse-strings are (1,5.6),
(4.1.5.6) and (2. 3.4). The latter two are also maxi-
mal.

Finally, we define a loop to be a simple cycle that
is both a forward-string and a reverse-string.

Our first heuristic algorithm for state compression
is based the forward-string concept whereas the sec-
ond heuristic algorithm combines both forward- and
reverse-string concepts.

4.1 Forward-string-based compression

Let us first give two simple lemmas.

Lemma 4.1 A Markov chain M = (V, P) has a maa-
imal forward-string iff it has decision states. If so, a
mazimal forward-string has a length no more than |S|.

Lemma 4.2 Suppose o is a forward-string contain-
ing a state s. For every feedback set Sy that con-
tains s, there is another feedback set So containing
the same states as S; with s replaced by the tail of o,
i.e, So = (S; — {s}) U {tail of c}.

Lemmas 4.1 and 4.2 effectively state that if S has
maximal forward-strings. covering the tails of all max-
imal forward-strings results a feedback set of S. In
fact, we have following theorem.

Theorem 4.1 If S has decision states, there is a
feedback set containing only decision states. Other-
wise, S forms a loop, and hence any single state is a
feedback set.

QOur first heuristic for state compression is thus to
search for all the decision states of S. If there is no
decision state, any single state of S forms a feedback
set which must be the smallest. Otherwise, take all
the decision states as a feedback set. The heuristics
can be applied hierarchically. That is, each time the
heuristic is applied, a new Markov chain is created.
Since a decision state in the original Markov chain
may become a non-decision state in the new Markov
chain, the heuristic may be applied again to get an
even smaller Markov chain. This process continues
until the heuristic fails to compress the Markov chain
any further. Figure 5 illustrates this idea.

The corresponding algorithm is shown in Figure 6.
The iterative procedure String_Compress with the
direction parameter set to key word FORWARD per-
forms the hierarchical compression. It returns imme-
diately if all states currently left are decision states. If
not, it checks whether they are all non-decision states
(forming a loop) in which case it takes an arbitrary
state as a feedback set and returns a Markov chain
containing only this state. Otherwise, it takes all
the decision states as a feedback set, creates a new
Markov chain with the feedback set as its state space
and contructs its transition matrix. Then the proce-
dure calls itself to try compression on the new Markov
chain.
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Figure 5: Forward-string-based hierarchical state compression.

Algorithm 4.1 State_Compression_1
input: A Markov chain M = (S. P).
output: A compressed Markov chain M’ = (5’, P').
begin
M' := String_Compress(S, P. FORWARD):
end

procedure String.Compress(S. P, D)
begin
if D = FORWARD then
Let §’ := the set of decision states in S;
else
Let S’ := the set of merging states in S;
if S’ = () then
Take s as an arbitrary state of S:
S =48} P =)
return (S', P'):
endif
if §’ = S then
return (S, P);
compute P’ from P and S’ by Eqns. 3 and 4;
String_Compress(S’. P', D):
end

Figure 6: State compression based on forward-string
concept.

4.2 Further compression based on
reverse-string

It is not difficult to see that the compressed Markov
chain returned from Algorithm 4.1 does not contain
any forward-string of length more than 1. In other
words, our forward-string-based heuristics compresses
forward-strings down to their tail states. This same
idea can be applied on the reverse-strings. That is,
we may compress all reverse-strings up to their head
states. These two compression ideas can be combined.

To avoid the confliction of the two compressions
on a forward-string that is also a reverse-string, we
do not applied them concurrently but rather sequen-
tially. Figure 7 shows the algorithm that adopts both

Algorithm 4.2 State_Compression_2
input: A Markov chain M = (S, P).
output: A compressed Markov chain M’ = (§', P').
begin

51 =8, Pl =P
D := FORWARD;
do

6 =% By = P
(S}. P{) := String_Compress(Sj. Py. D);
if D = FORWARD then

D := REVERSE:
else

D := FORWARD;
endif

while(S] # S5p):
M = (S}, P):
end

Figure 7: State compression based on both forward-
string and reverse-string concepts.

forward-string-based and reverse-string-based com-
pressions.

The compressed Markov chain returned by Algo-
rithm 4.2 will be no larger than that returned by Al-
gorithm 4.1. One fact worth noticing, however, is dur-
ing each of its iteration, states in S, i.e., those not in
the compressed Markov chain M’, are all non-decision
states with respect to the current Markov chain. This
means that the sub-matrix, Pg7, contains only 0’s and
1’s and hence is a Boolean matrix. This will speed up
the computation of Pgr when implemented using sym-
bolic techniques (as will be explained in the following
section). Thus, in some cases Algorithm 4.1 can re-
sult less overall CPU time than Algorithm 4.2 even
though it requires analyzing a larger Markov chain.



5 Implementation

We embed the method discussed in the previous sec-
tions in a modified version of the symbolic perfor-
mance analysis tool described in [6] as an alterna-
tive for the computation of stationary distribution
of Markov chain models in contrast to the standard
Power method previously adopted by the tool. In
particular, we make several notes as follows.

First. the tool has been recently extended to han-
dle any kind of finite state Markov chains via an ef-
ficient symbolic reducibility check. Specifically, all
transient states (if any) are symbolically identified
and excluded from further analysis. If there are mul-
tiple recurrent classes, the tool also performs a tran-
sient analysis for the limiting probability for each of
them to be hit from the initial distribution. There-
fore, the computation of stationary distribution is ef-
fectively done for individual recurrent classes.

Secondly, we note some technical details related
to improving the speed of state compression step.
Rather than computing the probabilistic transition
matrix for a new Markov chain during each iteration
of state compression, we compute its Boolean transi-
tion matrix which is sufficient for further compression
in the sense that it is guaranteed to find the same
feedback set. Only after obtaining the final feedback
set S’, i.e., the smallest feedback set that string-based
compression can get, the probabilistic transition ma-
trix P’ of the final compressed Markov chain M’ is
computed according to Equations 3 and 4. In ad-
dition, when computing P’, we do not compute the
reflective probabilistic transitive closure P'%; inde-
pendently. Instead, we first left multiply Pg; by the
quantity P,z and then iteratively compute for PL".
This is because the feedback set S’ is typically much
smaller than the remain state space S’ so that the
above treatment saves significant computation time.

Lastly, the convergence is checked after each iter-
ation for both the standard Power method and our
state-compression-based method. The iterative pro-
cedure terminates after iteration n if | 7(") —x(n=1) |<
¢, where 7(¥) is the probability vector after i-th itera-
tion and € is a user defined constant. That is. we check
the distance between the probability vectors resulting
from two consecutive iterations. It can be shown that
this distance decreases not only monotonically but
also geometrically. In case the Markov chain under
consideration is periodic with period d, the probabil-
ity vectors computed from the most recent d itera-
tions is averaged, e, ™™ = 13" . «l) It can
be checked that limpcc 7™ = limy o0 £ S50 7).
A convergence criterion similar to that in the aperi-
odic case is: | @™ — #"=1) |< ¢, Or equivalently,
'}f | ain) _ p(n—d) ]S .
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Figure 8: A 6-stage FIFO with simple environments.
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6 Experimental results

6.1 The FIFO

We first consider a FIFO with 6 stages and trivial
environments as shown in Figure 8. All stages are as-
sumed to be identical. The C-element has a unit de-
lay. The delay line in each stage has an interval delay
distributed as (1°0.1,20.1, 3'0.8), i.e., with probabil-
ity 0.1, 0.1 and 0.8, it has a delay of 1 , 2 and 3 units,
respectively. The environment at the right side (RSE
in sequel) acknowledges requests with a fixed delay of
2 units upon requested. The environment at left side
(LSE in sequel) requests with a fixed delay of § > 1
units upon acknowledged. Intuitively. the shorter the
delay of LSE, the longer the latency for a particular
data to travel through the FIFO because it is more
likely to be stalled between stages. If we think of an
empty stage (free of data) as a bubble, the average
number of bubbles at any time instance tends to in-
crease as LSE gets larger delay. This suggests that
the FIFO behaves more “sequentially” (toward our
general notion of determinism) as LSE gets slower.

Our experiment varies the delay of the LSE from
1 unit to 10 units. We see in Figure 9 a trend of
increasing state compression ratio as the delay of LSE
increases. This is consistent with our intuition that
the feedback set gets relatively smaller as the system
becomes more deterministic.



Figure 9 also plots the speedup in stationary anal-
ysis using our state-compression-based method over
the standard Power method. The CPU time reduc-
tion ratio closely tracks the state compression ratio
when the LSE of the FIFO has a relatively large de-
lay (over 4 units). When the LSE is relatively fast
(with a delay less than 4 units), the speedup tracks
more closely the reduction ration of the number of
iterations to convergence. Another interesting fact is
the ratio between the sizes (in number of ADD [24]
nodes) of the transition matrices P and P’. Clearly,
the ADD for P’ is significantly more complex than the
ADD for P. However, we see the larger size of P’ does
not prevent the state-compression-based from achiev-
ing a significant reduction in overall CPU time. On
the whole, we observe a speedup of close to or over a
factor of 2. On a Sparc20 with 256M of memory, the
model requires the longest CPU time (slightly over 15
minutes) to solve when the LSE assumes a delay of 4
units. In all cases, the time for state compression and
expansion are negligible.

6.2 The Differential equation solver

The second example which has been analyzed for per-
formance metrics in [6] is the behavioral model of the
differential equation solver [25]. As in [6]. we consider
its estimated and back-annotated versions. The lat-
ter has more accurate specifications that account for
some wire delays.

Table 1 gives the sizes of their reachable state space
and the set of recurrent states. The back-annotated
version achieves over three times the state compres-
sion ratio of the estimated version which is much
higher than that of the FIFOs. Due to the state com-
pression, the number of power iterations to conver-
gence is dramatically reduced. The curves in Figure
10 illustrate convergence of the distance of the prob-
ability vectors from two consecutive iterations. They
clearly suggest that the Markov chains in both esti-
mated and back-annotated versions possess a much
higher convergence rate after state compression.

Table 2 lists the CPU times consumed. The state-
compression-based method achieves over one order of
magnitude in the overall CPU time reduction. Com-
pared with the FIFO models, the DIFFEQ models re-
quires a larger portion of the CPU time for state com-
pression mainly because their structures allow more
state compression than the FIFO models.

6.3 The pausible clocking interface

Figure 11 shows two asynchronous modules (the
senders) communicating with a synchronous mod-
ule (the receiver) through a variation of the pausible
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Figure 11: A pausible clocking interface.

clocking interface (PCI) [26] which is built inside the
receiver and guarantees failure-free synchronization.

When there is no request from either of the senders,
the receiver is freely clocked by the ring oscillator
(formed by an inverter, two MEs and an AND gate).
It continues to run freely after receiving requests from
the senders if there is a clear difference between the
arrival time of the requests and that of the clock edge.
However, if this time difference is significantly small
so that synchronization failure may occur, either the
clock is paused by stretching its falling edge or the cor-
responding AFSM delays its request out (a transition
of signal R;,). This is done so by the corresponding
ME element. The AND gate ensures that the next
clock edge is delayed until all possible synchroniza-
tion failures have been resolved.

We make following timing assumptions on the
model. The AND gate and the inverter have delays
of 4 units and 3 units, respectively. The two senders
are identical. They have a geometrically distributed
delay with a parameter of 0.9. That is. with prob-
ability 0.9 the sender issues a new request one time
unit later upon acknowledged. Similarly, the delay
at the receiver side is also geometrically distributed
with a parameter of 0.9. That is, with probability 0.9
the receiver issues an acknowledgment at next clock
edge upon requested from the Flip-flop FF. The mu-
tual exclusion element muter has a unit delay and is
assumed to be fair on the simultaneously arriving re-
quests. Table 1 lists the sizes of the reachable state
space, the recurrent state set and the state space after
compression. The model achieves a state compression
ratio close to 6.

We compare the overall CPU times required to
compute the stationary distribution by the stan-
dard Power method and our method. The standard
Power method fails to reach the convergence after 12
hours of CPU time whereas our method using state-
compression converges within 3 minutes yielding a
speedup of over two orders of magnitude. In par-
ticular, we see that in our state-compression-based
method, time spent in expansion is again negligible,
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Figure 10: Convergence of | (") — z("=1) | in the DIFFEQ model.

iterati size of transition matrix in number
# states # iterations of ADD nodes
examples
after compress w/o wi reduction w/o w/ ;
reachable, | recument compress ratio compress | compress ratio compress | compress ratio

DiffeqEst. 7,632 4,870 614 7.9 247 39 75 3,384 3,258 1.04
DiffeqBka. 11,036 4,860 194 25.1 210 14 15 4,456 3,323 1.34
PCl2to1 51,376 51,376 8,704 59 > 4,287 35 =122 8,915 10,040 0.89

Table 1: State compression and iteration number reduction in the DIFFEQ and PCI analyses.

but the time spent in state compression takes over
half of the total CPU time as in the back-annotated
version of the DIFFEQ model.

The above experiments also show that when the
system model achieves a high state compression ratio
(e.g.. the both versions of the DIFFEQ. and the PCI
models), the Power iteration is no longer the bottle-
neck in terms of CPU time using state-compression-
basis analysis.

All the models in the above examples assume delays
to be distributed in discrete time. However, our pre-
liminary experiments on models that do not involve
time discretization suggest that similar performance
can be achieved by using our technique. In the fu-
ture, we will investigate more on the performance of
the technique on continuous-delay models.

7 Conclusion and future work

Markov chain models currently formalized from spec-
ifications of asynchronous system require intensive
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CPU time to find its stationary distribution. We pro-
pose to speedup this analysis by mapping the origi-
nal Markov chain to a new Markov chain that has a
smaller state space by compressing the original state
space followed by a post-processing step called expan-
sion. We further propose the feedback state set to be
the state space of the compressed Markov chain to re-
duce the amount of computation associated with state
compression. Simple string-based heuristics have been
given to find a proper feedback state set. We experi-
mentally show that many asynchronous systems pos-
sess feedback state sets that occupy a small portion
of their reachable state spaces. As a consequence.
our method dramatically reduces the CPU time re-
quired, which effectively prevents the Markovian anal-
ysis from being the bottleneck of performance and
power analysis in many cases.

Studying more powerful mapping might be inter-
esting future work. For instance, new state compres-
sion heuristics may be helpful to further accelerate
the analysis by obtaining higher state compression ra-
tio in system models such as FIFOs. In addition, it
might be possible to construct a small Markov chain



CPU time without CPU time with stat ;
Examples compression (sec) state compression (sec)
— ) - Speedup
Power iteration Compression | Power iteration | Expansion Total
DiffeqEst. 762 11.5 48.3 3.0 62.8 12.9
DiffeqBka. 702 24.5 20.9 4.7 50.1 14.0
PCl2to1 incomplete @ 12h 84.4 50.0 26 137 >315

Table 2: Speedup in the DIFFEQ and PCI analyses using state compression.

that is sufficient for targeted analysis without per-
forming complete reachability analysis, the likely bot-
tleneck in the future. Finally, since the size of the
state space generally grows exponentially as the sys-
tem increases linearly, any approach that constructs
and then analyzes the flat (entire) underlying Markov
chain (including our previous work in [6] which ex-
ploits symbolic techniques) is unlikely to have solved
all the problems. However, the technique presented in
this paper should be applicable to future hierarchical
approaches.
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Appendix: Proofs

Theorem 3.1 Process X is a time-homogeneous ir-
reducible Markov chain.

Proof: With the aid of the definition of 7. we have

Pr(Xp=j| Xn-1=1.Xn-2.-++. Xo)

= Pr(Mypny =j | Mrin-1) =1, M‘r(n—")

= Pr(Mr(n) =J I Mr(n 1) = 1)
(Markovian property of M)

= PT'(Xn :J I 4 n._.]_)

“» Mr(o))

Hence, X is Markovian.

To show it is also time-homogeneous, we prove
Pr(Xp=j|Xa-1=)=Pr(X1=j|Xo= i). In-
deed,

PT‘(.Yn—jlzﬂ 1—2)
= Pr(M:(n-1)+1 =J | Mr(n-1) = i)+
Zx 1 P"(Mr(n V)+1+k = J:
(A/[ (n=1)+k:" JMr'r('n 1)+l) gs |A{'r(n 1) = 1)
= P"(JMT(U 41 =J | Mrqoy = i)+
Lher Pr(Mroyp14x = J.
(Mr(oy4k: - Mrjoy41) € S | Mr(0) = 1)
(Time-homogeneity of M)
= Pr(Myuy=j | Mro) =1)
=Pr(X1=j|Xo=id). O

Corollary 3.1
w5 = pum', where y is a positive constant.

Proof: For any state i € §', let N;(n) and N’;(n)
be the number of visits to it up to time n by M
and M’', respectively. Following the definition of X,
N}(n) = Nj(n) for all time instance n. The station-
ary probability of state i, i.e, n’, equals to the pro-
portion of time M’ has spent in state 7 in the limit.
That is, 7' = limy_ec %N,—'(n). Similarly for M. we
have 7 = limp—oc %N,-(n). Thus, for any given states
i.j €5, we have
/ /
T /(L) =5 @9

w} n—roc N’(n) n—+oc Nj 5

Moreover, by Theorem 3.1, i.j € S’ are recurrent,
meaning =}, 7; > 0. Then, claim of the corollary is
equivalent to tquatlon 8. O

The proof of Theorem 3.2 relies on following lemma.
Lemma 3.1 Leti and j be two arbitrary states of S'.
Given that M is currently in state i, the probability
that it will not leave subset S' and after k(k > 0) time
steps it is in state j is:

PI'(Mk = j E;S'_I' sz > 1:(1Wk_1, S

My=i€e S§) = (P-g,-),'j

Moreover, this probability converges to 0 as k — oc.

M1)€§|

Proof: (By induction)

In the cases k = 0.1, the equality is trivially true.
Suppose the equality holds in the cases up to k =
m > 1. Then, in the case k = m -+ 1. we have

PriMmy1=j €S, (Mm,+-,M1) €T |
My=1€ S")
= Eue_s—’ PT'(Mm+1 = J ﬂ/fm =1u,

(Mpm—1. Ml)Eg‘lM[):'iE§)
—ZHES' m.{..]—jlﬁ’[m—u
(Mm F Ml)eS’ Mg._zeS’)

Pr(Mm—u,(.Mm 1. M)ES | Myg=ig§)
= ZuEF(P:s'ﬂ,)iu(Py uj (Markovian property of M

and assumption on the case k = m)

Pm+1)=_7



Further, to assume lim,g._,cc(PS,),J > 0 is to contra-
dict the fact that M is irreducible since it would then
be possible for state ¢ not to communicate with any
state in the non-empty subset S’. This completes the

proof. O.

Theorem 3.2 M' has a transition matriz

P' = Pgi + Pgisr(I — P5r) ™! P

Proof: From Lemma 3.1, P“" — 0 as &£ — 0, which

implies (I — Pg7) is invertible such that (I — Pg)~' =
> k—o- Therefore, it is sufficient to show that

Pr(M{ =j| My =1)
= (Pst)ij + (Poigr(Trmo Par) Poigi)ii

for all i, j € S'. Indeed.

Pr(M]=j|Mj=1i)
= Pr(Myqy = j | My0) =1)
= Pr(M;(oy41 = J | Mr(o)=i)+
Pr(r(1) > 7(0) + 1, My(y) = j | Mr(o) = i)
= P?'(Ml =7 | Me=1i) +Z§: #(0)+2 Pr(Mg =j.
(M-, Mr(0)+1 g5 [Mr(o) = 1)
= (Ps/) ij + E;,-——': Pr(M_ —-7(0) = Js
(Mi—r(oy=1:++: M1) € S" | Mo = i)
(time homogeneous property of M)
= (Pst)ij + Lze Pr(Mi = j,
(M1, My) @ S’ | Mg = i)
= (PS')U + Zf:? ZH_.UE?‘.
Pr(My =j | M-y = v)
PT(Mk_l =45 | M, = u)-
Pr(M; =u€eS"| My =i)
(condition M at time k — 1 and 1,
and apply its Markovian property)
= (Ps')ij + Ly ves
Pr(ﬂ’h = J‘ I Mo = b‘)'
reo Pr(My =v €S| Mp = u)-
Pr(My=u €S | My =1i)
{exchange summations,
and apply time—homogeneous property of M)
= (Ps)ij + Pogr Z}. =0 P
(Lemma 3 1)
O

sas:)

Theorem 3.3 If m and ' are the stalionary distri-
butions of M and M’, respectively, then

g = T PS,S,P

where, p is the normalization factor which is the same
as in Corollary 3.1 and is equal to:

1
1+ ' PgigrPerAT

p§=

and 17 is a properly sized all-one column vector.

Proof: Partitioning x into (7s:, 757) and P into

P Porer
( Por, P;S : we have mgr = mgrPgr+ 751 Pgigr

from the fact that # = #P. That is to say,
WF(I - Py) = WS'PS‘F‘

But (I — Pg) is invertible and it equals to P the
reflective transitive closure of Pz, we get *

THr = WSJPS,S,P = um PstfP
The second half of the above equation is due to Corol-
lary 3.1.

The proof concludes with the fact that the normal-
ization requirement 717 = 1 is satisfied if and only if
i is as defined. O

Lemma 4.1 A Markov chain M = (S, P) has a maz-
imal forward-string iff it has decision states. If so, a
mazimal forward-string has a length no more than |S)|.

Proof: Suppose ¢ is a maximal forward-string of M.
Then, M has at least one decision state which is the
tail of o. Next, the length of & must be bounded by
|S| because otherwise there is a state appears multi-
ple times on ¢ such that o contains a loop. Unfolding
that loop makes ¢ not a maximal forward-string, con-
tradicting the assumption. Finally, if s is a decision
state of M, then very string ending with s is maximal
with respect to its head state. The irreducibility as-
sumption on M requires s be visited infinitely often
so that there is a forward-string leading to 5. O

Lemma 4.2 Suppose o is a forward-string contain-
ing a state s. For every feedback set Sy that contains
5, there is another feedback set Sa containing the same
states as Sy with but s replaced by the tail of o, i.e,
Sy = (81 — {s}) U {tail of c}.

Proof: Every cycle of S containing s also contains
the tail of ¢. O

Theorem 4.1 If S has decision states, there is a
feedback set containing only decision states. Other-
wise, S contains a single loop and hence any single
state forms a feedback set.

Proof: If S has no decision states, the result is triv-
ial. Suppose S has decision states. Suppose further
a feedback set of § has a non-decision state s. By
Lemma 4.1, all maximal forward-strings in S (includ-
ing those containing s) have a bounded length with a
decision tail state. The proof concludes immediately
with Lemma 4.2, O



